Localization of the Riemann-Roch character by Paradan, Paul-Emile
ar
X
iv
:m
at
h/
99
11
02
4v
2 
 [m
ath
.D
G]
  2
3 M
ay
 20
01
LOCALIZATION OF THE RIEMANN-ROCH CHARACTER
PAUL-EMILE PARADAN
Universite´ Grenoble I, Institut Fourier
B.P. 74, 38402, Saint-Martin-d’He`res
e-mail: Paul-Emile.Paradan@ujf-grenoble.fr
Abstract. We present a K-theoretic approach to the Guillemin-Sternberg
conjecture [17], about the commutativity of geometric quantization and sym-
plectic reduction, which was proved by Meinrenken [28, 29] and Tian-Zhang
[35]. Besides providing a new proof of this conjecture for the full non-abelian
group action case, our methods lead to a generalization for compact Lie group
actions on manifolds that are not symplectic; these manifolds carry an invari-
ant almost complex structure and an abstract moment map.
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1. Introduction
This article is devoted to the study of the ‘quantization commutes with reduction’
principle of Guillemin-Sternberg [17]. The object of this paper is twofold. The first
goal is to give a K-theoretic approach to this problem which provides a new proof
of results obtained by Meinrenken [29], Meinrenken-Sjamaar [30] and Tian-Zhang
[35]. The second goal is to define an extension to the non-symplectic case.
In the Kostant-Souriau framework one considers a prequantum line bundle L
over a compact symplectic manifold (M,ω) : L carries a Hermitian connection ∇L
with curvature form equal to −ıω. Suppose now that a compact Lie group G, with
Lie algebra g, acts on L→M , living the data (ω,∇L) invariant. Then the G-action
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on (M,ω) is Hamiltonian with moment map f
G
: M → g∗ given by the Kostant
formula : LL(X)−∇LXM = ı〈fG , X〉, X ∈ g. Here LL(X) is the infinitesimal action
of X on the section of L→M and XM is the vector field onM generated by X ∈ g.
Choose now an invariant almost complex structure J on M that is compatible
with ω, in the sense that ω(−, J−) defines a Riemannian metric. It defines a
quantization map
RR
G,J
(M,−) : KG(M)→ R(G) ,
from the equivariant K-theory of complex vector bundles over M to the character
ring of G. The ‘quantization commutes with reduction’ Theorem tells us how the
multiplicities of RR
G,J
(M,L) behave (see Theorem C).
Here our main goal is to compute the multiplicity of the trivial representation
in RR
G,J
(M,L), when the data (L, J) are not associated to a symplectic form.
We consider a compact manifold M on which a compact Lie group G acts, and
which carries a G-invariant almost complex structure J . Let L → M be a G-
equivariant Hermitian line bundle over M , equipped with a Hermitian connection
∇L on L. This defines a map f
L
: M → g∗ by the equation
LL(X)−∇LXM = ı〈fL , X〉, X ∈ g .(1.1)
(see [10][section 7.1]). The map f
L
is an abstract moment map in the sense of
Karshon [20], since fL is equivariant, and for any X ∈ g, the function 〈fL , X〉 is
locally constant on the submanifold MX := {m ∈M, XM (m) = 0}.
If 0 is a regular value of f
L
, Z := f−1
L
(0) is a smooth submanifold of M which
carries a locally free action of G. We consider the orbifold reduced space Mred =
Z/G and we denote π : Z → Mred the projection. In Lemma 6.9 we show that
the almost complex structure J induces an orientation ored on Mred and a Spinc
structure on (Mred, ored). Let Q(Mred,−) : Korb(Mred)→ Z be the quantization
map defined by the Spinc structure and let Lred →Mred be the orbifold line bundle
induced by L.
We obtain the following ‘quantization commutes with reduction’ theorem.
Theorem A Let L → M be a G-equivariant Hermitian line bundle over M ,
equipped with a Hermitian connection ∇L on L. Let f
L
: M → g∗ be the corre-
sponding abstract moment map. If 0 is a regular value of f
L
, we have[
RR
G,J
(M,L
k
⊗)
]G
= Q
(
Mred, L
k
⊗
red
)
, k ∈ N− {0},(1.2)
if any of the following hold:
(i) G = T is a torus; or
(ii) k ∈ N is large enough , so that the ball {ξ ∈ g∗, ‖ ξ ‖≤ 1k ‖ θ ‖} is contained
in the set of regular values of f
L
. Here θ =
∑
α>0 α is the sum of the positive roots
of G, and ‖ · ‖ is a G-invariant Euclidean norm on g∗.
Here, for V ∈ R(G), we denote [V ]G ∈ Z the multiplicity of the trivial represen-
tation.
A similar result was proved by Jeffrey-Kirwan [19] in the Hamiltonian setting
when one relaxes the condition of positivity of J with respect to the symplectic
form. See also [13] for a similar result in the Spinc setting, when G = S1.
As an example, let us apply Theorem A to the counterexemple due to Vergne
which shows that quantization does not always commute with reduction. Let
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G = SU(2) and letM be the SU(2)-coadjoint orbit passing through the unique pos-
itive root θ. ThusM is the projective line bundle CP1 with ω equal to twice the stan-
dard Ka¨hler form. The prequantum line bundle is L = O(2) and RRG(M,L−1) =
[RR
G
(M,L−1)]G = −1. Since Mred = ∅ we have [RRG(M,L−1)]G 6=
Q(Mred, (L−1)red) : the condition ii) of Theorem A does not hold since θ is not a
regular value of the moment map M →֒ g∗. But if we take (L−1)
k
⊗ with k > 1 the
condition ii) is satisfied, and thus [RR
G
(M, (L−1)
k
⊗)]G = 0 for k > 1. In fact a di-
rect computation shows that −RRG(M, (L−1)
k
⊗) is the character of the irreducible
SU(2)-representation with highest weight (k − 1)θ for all k ≥ 1.
The result of Theorem A can be rewritten when J defines an almost complex
structure Jred on Mred. It happens when the following decomposition holds
TM |Z = TZ ⊕ J(gZ) with gZ := {XZ , X ∈ g} .(1.3)
First we note that (1.3) always holds in the Hamiltonian case when J is compatible
with the symplectic form. Condition (1.3) already appears in the works of Jeffrey-
Kirwan [19], and Cannas da Silva-Karshon-Tolman [13].
In all this paper we fix a G-invariant scalar product on g∗ which induces an
identification g ≃ g∗. Thus f
G
can be considered as a map from M to g, and we
define the endomorphism D of the bundle g × Z by : D(X) = −d f
G
(J(XZ)), for
X ∈ g. Condition (1.3) is then equivalent to : detD(z) 6= 0 for all z ∈ Z. The
endomorphism D defines a complex stucture JD on Z × gC, so the vector bundle
Z × gC inherits two irreducible complex spinor bundles Z × ∧•CgC and Z × ∧•JDgC
related by
∧•JDgC ×Z = ∧•CgC ×Z ⊗ π∗LD
where LD →Mred is a line bundle (see (6.51)). In this case we prove in Proposition
6.12 that (1.2) has the following form[
RR
G,J
(M,L
k
⊗)
]G
= ±RRJred
(
Mred, L
k
⊗
red ⊗ LD
)
,(1.4)
where ± is the sign of detD, and where RRJred (Mred,−) is the Riemann-Roch
character defined by Jred.
In this paper, we start from an abstract moment map f
G
: M → g∗ , and we
extend the result of Theorem A to the f
G
-moment bundles, and the f
G
-positive
bundles. These notions were introduced in the Hamiltonian setting by Meinrenken-
Sjamaar [30] and Tian-Zhang [35]. Let us recall the definitions.
Let H be a maximal torus of G with Lie algebra h.
Definition 1.1. A G-equivariant line bundle over M is called a f
G
-moment bundle
if for all components F of the fixed-point set MH the weight of the H-action on
L|F is equal to fG(F ).
It is easy to see that the definition is independent of the choice of the maximal
torus. Note that f
G
(F ) ∈ h∗ = (g∗)H , since f
G
is equivariant. Any Hermitian line
bundle L is tautologically a moment bundle relative to the abstract moment map
f
L
.
For any β ∈ g, we denote by Tβ the torus of G generated by expG(t.β), t ∈ R,
and Mβ the submanifold of points fixed by Tβ .
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Definition 1.2. A complex G-vector bundle E is called f
G
-positive if the following
hold: for any m ∈Mβ ∩ f−1
G
(β), we have
〈ξ, β〉 ≥ 0
for any weights ξ of the Tβ-action on Em. A complex G-vector bundle E is called
f
G
-strictly positive when furthermore the last inequality is strict for any β 6= 0.
For any fG-strictly positive complex vector bundle E, and any β ∈ g such that
Mβ ∩ f−1
G
(β) 6= ∅, we define η
E,β
= infξ〈ξ, β〉, where ξ runs over the set of weights
for the Tβ-action on the fibers of each complex vector bundle E|Z , Z being a con-
nected component of Mβ that intersects f−1
G
(β).
It is not difficult to see that a fG-moment bundle L is fG-strictly positive with
η
L,β
=‖ β ‖2, for any β ∈ g such that Mβ ∩ f−1
G
(β) 6= ∅ (see Lemma 7.9). The
bundle M × C → M is the trivial example of f
G
-positive complex vector bundle
over M .
Let h+ be the choice of some positive Weyl chamber in h. We prove in Lemma
6.3 that the set B
G
:= {β ∈ h+, Mβ ∩ f−1G (β) 6= ∅} is finite.
Theorem B Let fG : M → g∗ be an abstract moment map with 0 as regular
value. Let E be a f
G
-strictly positive G-complex vector bundle over M (see Def.
1.2). We have[
RR
G,J
(M,E
k
⊗)
]G
= Q
(
Mred, E
k
⊗
red
)
, k ∈ N− {0},(1.5)
if any of the following hold:
(i) G = T is a torus; or
(ii) k is large enough, so that k.η
E,β
>
∑
α>0〈α, β〉, for any β ∈ BG − {0}; here
the sum
∑
α>0 is taken over the positive roots of G.
Moreover if (1.3) holds, (1.5) becomes[
RR
G,J
(M,E
k
⊗)
]G
= ±RRJred
(
Mred, E
k
⊗
red ⊗ LD
)
.
Let us explain why Theorem B applied to a G-hermitian line bundle L with the
abstract moment map fG = fL implies Theorem A. It is sufficient to prove that
condition ii) of Theorem A implies condition ii) of Theorem B. The curvature of
(L,∇L) is (∇L)2 = −ı ωL, where ωL is a differential 2-form on M . From the equi-
variant Bianchi formula (see Proposition 7.4 in [10]) we get 〈df
L
, X〉 = −ωL(XM ,−)
for any X ∈ g. So, for any β ∈ B
G
− {0}, and m ∈Mβ ∩ f−1
L
(β), the last equality
gives 〈dfL |m, β〉 = 0, hence β is a critical value of fL . Suppose now that k ∈ N
is large enough so that the ball {ξ ∈ g∗, ‖ ξ ‖≤ 1k ‖ θ ‖} is included in the set of
regular values of f
L
. This gives first ‖ β ‖> 1k ‖ θ ‖ and then ηL,β =‖ β ‖2> 1k 〈θ, β〉,
for any β ∈ B
G
− {0}. ✷
In the last section of this paper, we restrict ourselves to the Hamiltonian case.
In this situation, the abstract moment map fG and the almost complex structure
J are related by means of a G-invariant symplectic 2-form ω :
• f
G
is the moment map associated to a Hamiltonian action of G over (M,ω) :
d〈fG , X〉 = −ω(XM ,−) , for X ∈ g, and
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• the data (ω, J) are compatible : (v, w)→ ω(v, Jw) is a Riemannian metric on
M .
When 0 is a regular value of f
G
, the compatible data (ω, J) induce compatible
data (ωred, Jred) on Mred. We have then a map RRJred(Mred,−). If 0 is not a
regular value of f
G
, we consider elements a in the principal face τ of the Weyl
chamber (see subsection 7.4). For generic elements a ∈ τ ∩ f
G
(M), the set Ma :=
f−1
G
(G · a)/G is a symplectic orbifold and one can consider the quantization map
RRJa(Ma,−) relative to the choice of compatible almost complex structure Ja.
In this situation, we recover the results of [29, 30, 35].
Theorem C (Meinrenken, Meinrenken-Sjamaar, Tian-Zhang). Let f
G
be the
moment map associated to a Hamiltonian action of G over (M,ω), and let J be a
ω-compatible almost complex structure. Let E →M be a G-vector bundle.
If 0 /∈ f
G
(M) and E is f
G
-strictly positive, we have [RR
G,J
(M,E)]G = 0.
If 0 ∈ f
G
(M) then :
i) If 0 is a regular value, we have [RR
G,J
(M,E)]G = RRJred(Mred, Ered), if E
is fG-positive.
ii) If 0 is not a regular value of f
G
and E = L is a f
G
-moment bundle, we have
[RR
G,J
(M,L)]G = RRJa(Ma, La), for every generic value a of τ ∩ fG(M)
sufficiently close to 0. Here La is the orbifold line bundle L|f−1
G
(G·a)/G.
We now turn to an introduction of our method. We associate to the abstract
moment map f
G
:M → g the vector field
HGm = [fG(m)]M .m, m ∈M ,
and we denote by CfG the set where HG vanishes. There are two important cases.
First, when the map f
G
is constant, equal to an element γ in the center of g, the
set CfG corresponds to the submanifold Mγ . Second, when f
G
is the moment map
associated with a Hamiltonian action of G over M . In this situation, Witten [39]
introduces the vector field HG to propose, in the context of equivariant cohomology,
a localization on the set of critical points of the function ‖ f
G
‖2 : here HG is the
Hamiltonian vector field of −12 ‖ fG ‖2, hence H
G
m = 0⇐⇒ d(‖ fG ‖2)m = 0. This
idea has been developed by the author in [31, 32].
Using a deformation argument in the context of transversally elliptic operator
introduced by Atiyah [1] and Vergne [38], we prove in section 4 that the map1
RR
G
can be localized near CfG . More precisely, we have the finite decomposition
CfG = ∪β∈B
G
C
G
β with C
G
β = G(M
β ∩ f−1
G
(β)), and
RR
G
(M,E) =
∑
β∈B
G
RR
G
β (M,E) .(1.6)
Each term RR
G
β (M,E) is a generalized character of G that only depends on the
behaviour of the data M,E, J, f
G
near the subset C
G
β . In fact, RR
G
β (M,E) is the
index of a transversally elliptic operator defined in an open neighbourhood of C
G
β .
1We fix one for once a G-invariant almost complex structure J and denote by RR
G
the quan-
tization map.
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Our proof of Theorems B and C is in two steps. First we compute the term
RR
G
0 (M,E) which is the Riemann-Roch character localized near f
−1
G
(0). After, we
prove that [RR
G
β (M,E)]
G = 0 for every β 6= 0. For this purpose, the analysis of the
localized Riemann-Roch characters RR
G
β (M,−) : KG(M)→ R−∞(G) is divided in
three cases2 :
Case 1 : β = 0
Case 2 : β 6= 0 and Gβ = G,
Case 3 : Gβ 6= G.
We work out Case 1 in subsection 6.2. We compute the generalized character
RR
G
0 (M,E) when 0 is a regular value of fG . We prove in particular that the
multiplicity of the trivial representation in RR
G
0 (M,E) is Q(Mred, Ered). This last
quantity is equal to ±RRJred(Mred, Ered ⊗ LD) when (1.3) holds.
Case 2 is studied in section 5 for the particular situation where f
G
is constant,
equal to a G-invariant element β ∈ g. Then CfG = CGβ = Mβ , and (1.6) becomes
RR
G
(M,E) = RR
G
β (M,E). We prove then a localization formula (see (1.7)) in the
spirit of the Atiyah-Segal-Singer formula in equivariant K-theory [3, 34]. Let us
sketch out the result.
The normal bundle N of Mβ in M inherits a canonical complex structure JN
on the fibers. We denote by N →Mβ the complex vector bundle with the opposite
complex structure. The torus Tβ is included in the center of G, so the bundle N and
the virtual bundle ∧•
C
N := ∧even
C
N 0→ ∧odd
C
N carry a G × Tβ-action: they can be
considered as elements of KG×Tβ(M
β) = KG(M
β)⊗R(Tβ). LetKG(Mβ) ⊗̂R(Tβ)
be the vector space formed by the infinite formal sums
∑
aEa h
a taken over the set
of weights of Tβ , where Ea ∈ KG(Mβ) for every a. The Riemann-Roch character
RR
G
can be extended to a map RR
G×Tβ
which satisfies the commutative diagram
KG(M
β)
RR
G
//

R(G)
k

KG(M
β) ⊗̂R(Tβ) RR
G×Tβ
// R(G) ⊗̂R(Tβ) .
The arrow k : R(G)→ R(G) ⊗̂R(Tβ) is the canonical map defined by k(φ)(g, h) :=
φ(gh). We shall notice that [k(φ)]G×Tβ = [φ]G.
In Section 5, we define an inverse, denoted by
[∧•
C
N ]−1
β
, of ∧•
C
N inKG(Mβ) ⊗̂R(Tβ)
which is polarized by β. It means that
[∧•
C
N ]−1
β
=
∑
aNa h
a with Na 6= 0 only if
〈a, β〉 ≥ 0. We can state now our localization formula as the following equality in
R(G) ⊗̂R(Tβ) :
RR
G
(M,E) = RR
G×Tβ
(
Mβ, E|Mβ ⊗
[∧•CN ]−1β ) ,(1.7)
for every E ∈ KG(M).
In subsection 6.3 we work out Case 2 for the general situation. The map
RR
G
β (M
β ,−) is the Riemann-Roch character on the G-manifoldMβ , localized near
2Gβ is the stabilizer of β in G.
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Mβ ∩ f−1
G
(β), and we extend it to a map RR
G×Tβ
β (M
β ,−) : KG(Mβ) ⊗̂R(Tβ) →
R−∞(G) ⊗̂R(Tβ). We prove then the following localization formula
RR
G
β (M,E) = RR
G×Tβ
β
(
Mβ, E|Mβ ⊗
[∧•CN ]−1β ) ,(1.8)
as an equality in R−∞(G) ⊗̂R(Tβ). With (1.8) in hand, we see easily that
[RR
G
β (M,E)]
G = 0 if the vector bundle E is fG-strictly positive.
Subsection 6.4 is devoted to Case 3. The abstract moment map f
G
: M → g
for the G-action on M induces abstract moment maps f
G′
: M → g′ for every
closed subgroup G′ of G. For every β ∈ B
G
, we consider the Riemann-Roch
characters RR
G
β (M,−), RR
Gβ
β (M,−), and RR
H
β (M,−) localized respectively on
G(Mβ ∩ f−1
G
(β)), Mβ ∩ f−1
G
(β), and Mβ ∩ f−1
H
(β). The major result of subsection
6.4 is the induction formulas proved in Theorem 6.16 and Corollary 6.17, between
these three characters. I will explain briefly this result.
LetW be the Weyl group associated to (G,H). The choice of a Weyl chamber h+
in h determines a complex structure on the real vector space g/h. Our induction
formulas make a crucial use of the holomorphic induction map Hol
G
H
: R(H) →
R(G) (see (9.85) in Appendix B). Recall that Hol
G
H
(hλ) is, for any weight λ, either
equal to zero or to the character of an irreducible representation of G (times ±1). In
Theorem 6.16 we prove the following relation between RR
G
β (M,−) and RR
H
β (M,−)
RR
G
β (M,E) =
1
|Wβ |Hol
G
H
(∑
w∈W
w.RR
H
β (M,E)
)
(1.9)
=
1
|Wβ |Hol
G
H
(
RR
H
β (M,E) ∧•C g/h
)
,
where Wβ is the stabilizer of β in W . In Corollary 6.17 we get the other relation:
RR
G
β (M,E) = Hol
G
Gβ
(
RR
Gβ
β (M,E) ∧•C g/gβ
)
.(1.10)
Let us compare (1.9), with the Weyl integration formula3: for any φ ∈ R(G)
we have φ = Hol
G
H
(
φ|H
)
= Hol
G
H
(
φ+|H ∧•C g/h
)
, where φ|H is the restriction of
φ to H , and φ+|H =
∑
λm(λ)h
λ is the unique element in R(H) ⊗ Q such that∑
w∈W w.φ
+
|H = φ|H and m(λ) 6= 0 only if λ ∈ h+. In (1.9), the W -invariant
element 1|Wβ |
∑
w∈W w.RR
H
β (M,E) plays the role of the restriction to H of the
character φ = RR
G
β (M,E), and
1
|Wβ |
RR
H
β (M,E) plays the role of φ
+
|H .
Since β is a Gβ-invariant element, (1.10) reduces the analysis of Case 3 to the
one of Case 2. From the result proved in Case 2, we have [RR
Gβ
β (M
β , E)]Gβ = 0
if the vector bundle E is f
G
-strictly positive. But this does not implies in general
that [RR
G
β (M,E)]
G = 0. We have to take the tensor product of E (so that E
k
⊗
becomes more and more f
Gβ
-strictly positive) to see that [RR
G
β (M,E
k
⊗)]G = 0,
when η
E
k
⊗,β
= k.η
E,β
>
∑
α>0〈α, β〉.
3See Remark 9.2.
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In the Hamiltonian setting considered in Section 7, our strategy is the same, but
at each step we obtain considerable refinements that are the principal ingredients
of the proof of Theorem C.
Case 1 : When 0 is a regular value of f
G
, we show that the Spinc structure on
Mred is defined by Jred, hence Q(Mred,−) = RRJred(Mred,−). When 0 is not a
regular value of f
G
, we use the ‘shifting trick’ to compute the G-invariant part of
RR
G
0 (M,E) (see subsection 7.4).
Case 2 : For any G-invariant element β ∈ BG with β 6= 0, we prove that the
inverse
[∧•
C
N ]−1
β
is of the form
∑
aNa h
a with Na 6= 0 only if 〈a, β〉 > 0 (in general
we have only 〈a, β〉 ≥ 0).
Case 3 : For β ∈ BG with Gβ 6= G, we consider the open face σ of the Weyl
chamber which contains β, and the corresponding symplectic slice Yσ which is a Gβ-
symplectic submanifold ofM . The localized Riemann-Roch characters RR
G
β (M,E)
and RR
Gβ
β (Yσ,−) are related by the following induction formula
RR
G
β (M,E) = Hol
G
Gβ
(
RR
Gβ
β (Yσ , E|Yσ )
)
.
Acknowledgments. I am grateful to Miche`le Vergne for her interest in this
work, especially for the useful discussions and insightful suggestions on a prelimi-
nary version of this paper.
Notation
Throughout the paper G will denote a compact, connected Lie group, and g
its Lie algebra. We let H be a maximal torus in G, and h be its Lie algebra.
The integral lattice Λ ⊂ h is defined as the kernel of exp : h → H , and the
real weight lattice Λ∗ ⊂ h∗ is defined by : Λ∗ := hom(Λ, 2πZ). Every λ ∈ Λ∗
defines a 1-dimensionnal H-representation, denoted Cλ, where h = expX acts by
hλ := eı〈λ,X〉. We let W be the Weyl group of (G,H), and we fix the positive Weyl
chambers h+ ⊂ h and h∗+ ⊂ h∗. For any dominant weight λ ∈ Λ∗+ := Λ∗ ∩ h∗+,
we denote by Vλ the G-irreducible representation with highest weight λ, and χGλ
its character. We denote by R(G) (resp. R(H)) the ring of characters of finite-
dimensional G-representations (resp. H-representations). We denote by R−∞(G)
(resp. R−∞(H)) the set of generalized characters of G (resp. H). An element
χ ∈ R−∞(G) is of the form χ = ∑λ∈Λ∗
+
mλ χGλ , where λ 7→ mλ,Λ∗+ → Z has at
most polynomial growth. In the same way, an element χ ∈ R−∞(H) is of the form
χ =
∑
λ∈Λ∗ mλ h
λ, where λ 7→ mλ,Λ∗ → Z has at most polynomial growth.
Some additional notation will be introduced later :
Gγ : stabilizer subgroup of γ ∈ g
Tβ : torus generated by β ∈ g
Mγ : submanifold of points fixed by γ ∈ g
TM : tangent bundle of M
TGM : set of tangent vectors orthogonal to the G-orbits in M
C−∞(G)G : set of generalized functions on G, invariant by conjugation
Ind
G
Gγ
: C−∞(Gγ)Gγ → C−∞(G)G : induction map
Hol
G
Gγ
: R(Gγ)→ R(G) : holomorphic induction map
RR
G
β (M,−) : Riemann-Roch character localized on G.(Mβ ∩ f−1G (β))
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Char(σ) : characteristic set of the symbol σ
ThomG(M,J) : Thom symbol
ThomγG(M) : Thom symbol localized near M
γ
ThomfG,β(M) : Thom symbol localized near G.(M
β ∩ f−1
G
(β)).
2. Quantization of compact manifolds
Let M be a compact manifold provided with an action of a compact connected
Lie group G. A G-invariant almost complex structure J on M defines a map
RR
G,J
(M,−) : KG(M) → R(G) from the equivariant K-theory of complex vector
bundles over M to the character ring of G.
Let us recall the definition of this map. The almost complex structure on M
gives the decomposition ∧T∗M ⊗ C = ⊕i,j ∧i,j T∗M of the bundle of differential
forms. Using Hermitian structure in the tangent bundle TM of M , and in the
fibers of E, we define a twisted Dirac operator
D+E : A0,even(M,E)→ A0,odd(M,E)
where Ai,j(M,E) := Γ(M,∧i,jT∗M ⊗C E) is the space of E-valued forms of type
(i, j). The Riemann-Roch character RR
G,J
(M,E) is defined as the index of the
elliptic operator D+E :
RR
G,J
(M,E) = [KerD+E ]− [CokerD+E ].
In fact, the virtual character RR
G,J
(M,E) is independent of the choice of the
Hermitian metrics on the vector bundles TM and E.
If M is a compact complex analytic manifold, and E is an holomorphic com-
plex vector bundle, we have RR
G,J
(M,E) =
∑q=dimM
q=0 (−1)q[Hq(M,O(E))], where
Hq(M,O(E)) is the q-th cohomology group of the sheaf O(E) of the holomorphic
sections of E over M .
In this paper, we shall use an equivalent definition of the map RR
G,J
. We
associate to an invariant almost complex structure J the symbol ThomG(M,J) ∈
KG(TM) defined as follows. Consider a Riemannian structure q onM such that the
endomorphism J is orthogonal relatively to q, and let h be the following Hermitian
structure on TM : h(v, w) = q(v, w) − ıq(Jv, w) for v, w ∈ TM . Let p : TM →
M be the canonical projection. The symbol ThomG(M,J) : p
∗(∧even
C
TM) →
p∗(∧odd
C
TM) is equal, at (x, v) ∈ TM , to the Clifford map
Clx(v) : p
∗(∧evenC TM)|(x,v) −→ p∗(∧oddC TM)|(x,v),(2.11)
where Clx(v).w = v ∧ w − ch(v).w for w ∈ ∧•CTxM . Here ch(v) : ∧•CTxM →
∧•−1TxM denotes the contraction map relatively to h : for w ∈ TxM we have
ch(v).w = h(w, v). Here (TM,J) is considered as a complex vector bundle over M .
The symbol ThomG(M,J) determines the Bott-Thom isomorphism ThomJ :
KG(M) −→ KG(TM) by ThomJ (E) := ThomG(M,J) ⊗ p∗(E), E ∈ KG(M). To
make the notation clearer, ThomJ(E) is the symbol σE : p
∗(∧even
C
TM ⊗ E) →
p∗(∧odd
C
TM ⊗ E) with
σE (x, v) := Clx(v)⊗ IdEx , (x, v) ∈ TM,(2.12)
where Ex is the fiber of E at x ∈M .
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Consider the index map IndexGM : KG(T
∗M)→ R(G) where T∗M is the cotan-
gent bundle ofM . Using a G-invariant auxiliary metric on TM , we can identify the
vector bundle T∗M and TM , and produce an ‘index’ map IndexGM : KG(TM) →
R(G). We verify easily that this map is independent of the choice of the metric on
TM .
Lemma 2.1. We have the following commutative diagram
KG(M)
ThomJ //
RR
G,J
))R
R
R
R
R
R
R
R
R
R
R
R
R
R
KG(TM)
IndexGM

R(G) .
(2.13)
Proof : If we use the natural identification (∧0,1T∗M, ı) ∼= (TM,J) of complex
vector bundles overM , we see that the principal symbol of the operator D+E is equal
to σE (see [14]).
We will conclude with the following Lemma. Let J0, J1 be two G-invariant
almost complex structures on M , and let RR
G,J0
, RR
G,J1
be the respective quan-
tization maps.
Lemma 2.2. The maps RR
G,J0
and RR
G,J1
are identical in the following cases:
i) There exists a G-invariant section A ∈ Γ(M,End(TM)), homotopic to the iden-
tity in Γ(M,End(TM))G such that Ax is invertible, and Ax.J
0
x = J
1
x .Ax for every
x ∈M .
ii) There exists an homotopy J t, t ∈ [0, 1] of G-invariant almost complex structures
between J0 and J1.
Proof of i) : Take a Riemannian structure q1 on M such that J1 ∈ O(q1)
and define another Riemannian structure q0 by q0(v, w) = q1(Av,Aw) so that
J0 ∈ O(q0). The section A defines a bundle unitary map A : (TM,J0, h0) →
(TM,J1, h1), (x, v)→ (x,Ax.v), where hl(., .) := ql(., .)− ıql(J l., .), l = 0, 1. This
gives an isomorphism A∧x : ∧J0TxM → ∧J1TxM such that the following diagram
is commutative
∧J0TxM
Clx(v)
//
A∧x

∧J0TxM
A∧x

∧J1TxM
Clx(Ax.v)
// ∧J1TxM .
Then A∧ induces an isomorphism between the symbols ThomG(M,J
0) and
A∗(ThomG(M,J
1)) : (x, v) → ThomG(M,J1)(x,Ax.v). Here A∗ : KG(TM) →
KG(TM) is the map induced by the isomorphism A. Thus the complexes
ThomG(M,J
0) and A∗(ThomG(M,J
1)) define the same class in KG(TM). Since
A is homotopic to the identity, we have A∗ = Identity. We have proved that
ThomG(M,J
0) = ThomG(M,J
1) in KG(TM), and by Lemma 2.1 this shows that
RR
G,J0
= RR
G,J1
.
Proof of ii) : We construct A as in i). Take first A1,0 := Id− J1J0 and remark
that A1,0.J0 = J1.A1,0. Here we consider the homotopy A1,0u := Id − uJ1J0, u ∈
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[0, 1]. If −J1J0 is close to Id, for example |Id + J1J0| ≤ 1/2, the bundle map
A1,0u will be invertible for every u ∈ [0, 1]. Then we can conclude with Point i). In
general we use the homotopy J t, t ∈ [0, 1]. First, we decompose the interval [0, 1]
in 0 = t0 < t1 < · · · < tk−1 < tk = 1 and we consider the maps Atl+1,tl := Id −
J tl+1J tl , with the corresponding homotopy A
tl+1,tl
u , u ∈ [0, 1], for l = 0, . . . , k − 1.
Because −J tl+1J tl → Id when t → t′, the bundle maps Atl+1,tlu are invertible for
all u ∈ [0, 1] if tl+1 − tl is small enough. Then we take the G-equivariant bundle
map A := Πk−1l=0 A
tl+1,tl with the homotopy Au := Π
k−1
l=0 A
tl+1,tl
u , u ∈ [0, 1]. We have
A.J0 = J1.A and Au is invertible for every u ∈ [0, 1], hence we conclude with the
point i). ✷
3. Transversally elliptic symbols
We give here a brief review of the material we need in the next sections. The
references are [1, 11, 12, 38].
Let M be a compact manifold provided with a G-action. Like in the previous
section, we identify the tangent bundle TM and the cotangent bundle T∗M via a
G-invariant metric (., .)
M
on TM . For any X ∈ g, we denote by XM the following
vector field : for m ∈M , XM (m) := ddt exp(−tX).m|t=0.
If E0, E1 are G-equivariant vector bundles over M , a morphism
σ ∈ Γ(TM, hom(p∗E0, p∗E1)) of G-equivariant complex vector bundles will be
called a symbol. The subset of all (x, v) ∈ TM where σ(x, v) : E0x → E1x is not
invertible will be called the characteristic set of σ, and denoted Char(σ).
We denote by TGM the following subset of TM :
TGM = {(x, v) ∈ TM, (v,XM (m))M = 0 for all X ∈ g} .
A symbol σ will be called elliptic if σ is invertible outside a compact subset ofTM
(Char(σ) is compact), and it will be called transversally elliptic if the restriction
of σ to TGM is invertible outside a compact subset of TGM (Char(σ) ∩ TGM is
compact). An elliptic symbol σ defines an element of KG(TM), and the index of σ
is a virtual finite dimensional representation of G [3, 4, 5, 6]. A transversally elliptic
symbol σ defines an element of KG(TGM), and the index of σ is defined (see [1]
for the analytic index and [11, 12] for the cohomological one) and is a trace class
virtual representation of G. Remark that any elliptic symbol of TM is transversally
elliptic, hence we have a restriction map KG(TM)→ KG(TGM) which makes the
following diagram
KG(TM) //
IndexGM

KG(TGM)
IndexGM

R(G) // R−∞(G) .
(3.14)
commutative.
3.1. Index map on non-compact manifolds. Let U be a non-compact G-
manifold. Lemma 3.6 and Theorem 3.7 of [1] tell us that for any open G-embedding
j : U →֒M into a compact manifold we have a pushforward map j∗ : KG(TGU)→
KG(TGM) such that the composition
KG(TGU)
j∗−→ KG(TGM) Index
G
M−→ R−∞(G)
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is independent of the choice of j : U →֒M .
Lemma 3.1. Let U be a G-invariant open subset of a G-manifold X . If U is
relatively compact, there exists an open G-embedding j : U →֒ M into a compact
G-manifold.
Proof : Here we follow the proof given by Boutet de Monvel in [9]. Let χ ∈
C∞(X )G be a function with compact support, such that 0 ≤ χ ≤ 1 and χ = 1
on U . Let q : X × R → R be the function defined by q(m, t) = χ(m) − t2. The
interval (−∞, 1] is the image of q, and the fibers q−1(ε) are compact for every ε > 0.
According to Sard’s Theorem there exists a regular value 0 < ε0 < 1 of q. The set
q−1(ε0) is then a compact G-invariant submanifold of X ×R, and j : U → q−1(ε0),
m 7→ (m,√1− ε0) is an open embedding. ✷
Corollary 3.2. The index map IndexGU : KG(TGU) → R−∞(G) is defined when
U is a G-invariant relatively compact open subset of a G-manifold.
3.2. Excision lemma. Let j : U →֒ M be the inclusion map of a G-invariant
open subset on a compact manifold, and let j∗ : KG(TGU) → KG(TGM) be
the pushforward map. We have two index maps IndexGM , and Index
G
U such that
IndexGM ◦ j∗ = IndexGU . Suppose that σ is a transversally elliptic symbol on TM
with characteristic set contained in TM |U . Then, the restriction σ|U of σ to TU
is a transversally elliptic symbol on TU , and
j∗(σ|U ) = σ in KG(TGM).(3.15)
In particular, it gives IndexGM (σ) = Index
G
U (σ|U ).
3.3. Locally free action. Let G and H be compact Lie groups and let M be a
compact G×H manifold
In a first place, we suppose that G acts freely on M , and we denote by π :
M →M/G the principal fibration. Note that the map π is H-equivariant. In this
situation we have TG×HM=˜π
∗(TH(M/G)), and thus an isomorphism
π∗ : KH(TH(M/G)) −→ KG×H(TG×HM) .(3.16)
We rephrase now Theorem 3.1 of Atiyah in [1]. Let {Wa, a ∈ Gˆ} be a completed
set of inequivalent irreducible representations of G.
For each irreducibleG-representation Vµ, we associate the complex vector bundle
V µ := M ×H Vµ on M/G and denote by V ∗µ its dual. The group H acts trivially
on Vµ, this makes V
∗
µ a H-vector bundle.
Theorem 3.3 (Atiyah). If σ ∈ KH(TH(M/G)), then we have the following equal-
ity in R−∞(G×H)
IndexG×HM (π
∗σ) =
∑
µ∈Λ∗
+
IndexHM/G(σ ⊗ V ∗µ).Vµ .(3.17)
In particular the G-invariant part of IndexG×HM (π
∗σ) is IndexHM/G(σ).
A classical example is when M = G, G = Gr acts by right multiplications
on G, and G = Gl acts by left multiplications on G. Then the zero map σ0 :
G × C → G × {0} defines a Gr × Gl-transversally elliptic symbol associated to
the zero differential operator C∞(G) → 0. This symbol is equal to the pullback
of C ∈ KGr(TGr{point})=˜R(Gr). In this case IndexGr×GlG (σ0) is equal to L2(G),
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the L2-index of the zero operator on C∞(G). The Gr-vector bundle V ∗µ → {point}
is just the vector space V ∗µ with the canonical action of Gr. Finally, (3.17) is the
Peter-Weyl decomposition of L2(G) in R−∞(Gr ×Gl): L2(G) =
∑
µ∈Λ∗
+
V ∗µ ⊗ Vµ.
We suppose now that G acts locally freely on M . The quotient X := M/G
is an orbifold, a space with finite-quotient singularities. One considers on X the
H-equivariant proper orbifold vector bundles and the corresponding R(H)-module
Korb,H(X ) [21]. In the same way we consider the H-equivariant proper elliptic
symbols on the orbifold TX and the corresponding R(H)-module Korb,H(TX ).
The principal fibration π :M → X induces isomorphisms Korb,H(X ) ≃ KG×H(M)
and Korb,H(TX ) ≃ KG×H(THM) that we both denote by π∗. The index map
IndexHX : Korb,H(TX )→ R(H)(3.18)
is defined by the following equation: for any σ ∈ Korb,H(TX ), IndexHX (σ) :=
[IndexG×HM (π
∗σ)]G.
We are particularly interested in the case where the bundle TGM →M carries
a G × H-equivariant almost complex structure J . Taking the quotient by G, it
defines aH-equivariant almost complex structure JX on the orbifold tangent bundle
TX → X . Like in the smooth case, we have the Thom symbol ThomH(X , JX ) ∈
Korb,H(TX ) and a Riemmann-Roch character RRH : Korb,H(X ) → R(H) related
as in Lemma 2.1.
3.4. Induction. Let i : H →֒ G be a closed subgroup with Lie algebra h, and Y be
a H-manifold (as in Corollary 3.2). We have two principal bundles π1 : G×Y → Y
for the G-action, and π2 : G× Y → X := G×H Y for the diagonal H-action. The
map i∗ : KH(THY) → KG(TGX ) is well defined by the following commutative
diagram
KH(THY)
pi∗1 //
i∗
++WW
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
KG×H(TG×H(G× Y))
(pi∗2 )
−1

KG(TGX ) ,
(3.19)
since π∗1 and π
∗
2 are isomorphisms.
Let us show how to compute i∗(σ), for an H-transversally elliptic symbol σ ∈
Γ(TY, hom(E0, E1)), where E0, E1 are H-equivariant vector bundles over TY.
First we notice4 thatT(G×HY)=˜G×H (g/h⊕TY), andTG(G×HY)=˜G×H (THY).
So we extend trivially σ to g/h ⊕ TY, and we define i∗(σ) ∈ Γ(G ×H (g/h ⊕
TY), hom(G ×H E0, G ×H E1)) by i∗(σ)([g; ξ, x, v]) := σ(x, v) for g ∈ G, ξ ∈ g/h
and (x, v) ∈ TY.
To express the G-index of i∗(σ) in terms of the H-index of σ, we need the
induction map
Ind
G
H
: C−∞(H)H −→ C−∞(G)G ,(3.20)
where C−∞(H) is the set of generalized functions on H , and the H and G invariants
are taken with the conjugation action. The map Ind
G
H
is defined as follows : for
4 These identities come from the following G ×H-equivariant isomorphism of vector bundles
over G×Y : TH (G×Y)→ G× (g/h⊕TY), (g,m;
d
dt |t=0
(g.etX) + vm) 7→ (g,m; prg/h(X) + vm).
Here prg/h : g→ g/h is the orthogonal projection.
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φ ∈ C−∞(H)H , we have ∫G IndGH (φ)(g)f(g)dg = cst ∫H φ(h)f |H(h)dh, for every
f ∈ C∞(G)G, where cst = vol(G, dg)/vol(H, dh).
We can now recall Theorem 4.1 of Atiyah in [1].
Theorem 3.4. Let i : H → G be the inclusion of a closed subgroup, let Y be a
H-manifold satisfying the hypothesis of Corollary 3.2, and set X = G×H Y. Then
we have the commutative diagram
KH(THY) i∗ //
IndexHY

KG(TGX )
IndexGX

C−∞(H)H
Ind
G
H
// C−∞(G)G .
3.5. Reduction. Let us recall a multiplicative property of the index for the prod-
uct of manifold. Let a compact Lie group G acts on two manifolds X and Y, and
assume that another compact Lie group H acts on Y commuting with the action
of G. The external product of complexes on TX and TY induces a multiplication
(see [1] and [38], section 2):
KG(TX )×KG×H(TY) −→ KG×H(T(X × Y))(3.21)
(σ1, σ2) 7−→ σ1 ⊙ σ2 .
Let us recall the definition of this external product. Let E±, F± be G × H-
equivariant Hermitian vector bundles over X and Y respectively, and let σ1 : E+ →
E−, σ2 : F
+ → F− be G × H-equivariant symbols. We consider the G × H-
equivariant symbol
σ1 ⊙ σ2 : E+ ⊗ F+ ⊕ E− ⊗ F− −→ E− ⊗ F+ ⊕ E+ ⊗ F−
defined by
σ1 ⊙ σ2 =
(
σ1 ⊗ I −I ⊗ σ∗2
I ⊗ σ2 σ∗1 ⊗ I
)
.(3.22)
We see that the set Char(σ1⊙ σ2) ⊂ TX ×TY is equal to Char(σ1)×Char(σ2).
This exterior product defines the R(G)-module structure on KG(TX ), by taking
Y = point and H = {e}. If we take X = Y and H = {e}, the product on KG(TX )
is defined by
σ1⊙˜σ2 := s∗X (σ1 ⊙ σ2) ,(3.23)
where sX : TX → TX ×TX is the diagonal map.
In the transversally elliptic case we need to be careful in the definition of the
exterior product, since TG×H(X × Y) 6= TGX ×THY.
Definition 3.5. Let σ be a H-transversally elliptic symbol on TY. This symbol
is called H-transversally-good if the characteristic set of σ intersects THY in a
compact subset of Y.
Recall Lemma 3.4 and Theorem 3.5 of Atiyah in [1]. Let σ1 be a G-transversally
elliptic symbol on TX , and σ2 be aH-transversally elliptic symbol on TY that is G-
equivariant. Suppose furthermore that σ2 is H-transversally-good, then the product
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σ1 ⊙ σ2 is G × H-transversally elliptic. Since every class of KG×H(THY) can be
represented by an H-transversally-good elliptic symbol, we have a multiplication
KG(TGX )×KG×H(THY) −→ KG×H(TG×H(X × Y))(3.24)
(σ1, σ2) 7−→ σ1 ⊙ σ2 .
Suppose now that the manifolds X and Y satisfy the condition of Corollary 3.2.
So, the index maps IndexGX , Index
G×H
Y , and Index
G×H
X×Y are well defined. According
to Theorem 3.5 of [1], we know that
IndexG×HX×Y (σ1 ⊙ σ2) = IndexGX (σ1) · IndexG×HY (σ2) in R−∞(G×H) ,(3.25)
for any σ1 ∈ KG(TGX ) and σ2 ∈ KG×H(TH(X ×H)).
In the rest of this subsection we suppose that the subgroup H ⊂ G is the stabilizer
of an element γ ∈ g. The manifold G/H carries a G-invariant complex structure Jγ
defined by the element γ: at e ∈ G/H, the map Jγ(e) equals ad(γ).(
√−ad(γ)2)−1
on Te(G/H) = g/h.
We recall now the definition of the map rγ
G,H
: KG(TGX ) → KH(THX ) intro-
duced by Atiyah in [1]. We consider the manifold X ×G with two actions of G×H :
for (g, h) ∈ G × H and (x, a) ∈ X × G, we have (g, h).(x, a) := (g.x, gah−1) on
X 1× G, and we have (g, h).(x, a) := (h.x, gah−1) on X 2× G.
The map Θ : X 2× G → X 1× G, (x, a) 7→ (a.x, a) is G × H-equivariant, and
induces Θ∗ : KG×H(TG×H(X
1× G)) → KG×H(TG×H(X
2× G)). The G-action is
free on X 2× G, so the quotient map π : X 2× G → X induces an isomorphism
π∗ : KH(THX ) → KG×H(TG×H(X
2× G)). We denote by σγ
g/h ∈ KG×H(THG)
the pullback of the Thom class ThomG(G/H, Jγ) ∈ KG(T(G/H)), via the quotient
map G→ G/H .
Consider the manifold Y = G with the action of G × H defined by (g, h).a =
gah−1 for a ∈ G, and (g, h) ∈ G × H . Since the symbol σγ
g/h is H-transversally
good on TG, the product by σγ
g/h induces, by (3.24), the map
KG(TGX ) −→ KG×H(TG×H(X
1× G))
σ 7−→ σ ⊙ σγ
g/h .
Definition 3.6 (Atiyah). Let H the stabilizer of γ ∈ g in G. The map rγ
G,H
:
KG(TGX )→ KH(THX ) is defined for every σ ∈ KG(TGX ) by
rγ
G,H
(σ) := (π∗)−1 ◦Θ∗(σ ⊙ σγ
g/h) .
Theorem 4.2 in [1] tells us that the following diagram is commutative
KG(TGX )
rγG,H
//
IndexGX

KH(THX )
IndexHX

C−∞(G)G C−∞(H)H .
Ind
G
Hoo
(3.26)
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We show now a more explicit description of the map rγ
G,H
. Consider the moment
map
µ
G
: T∗X → g∗
for the (canonical) Hamiltonian action of G on the symplectic manifold T∗X . If we
identify TX with T∗X via a G-invariant metric, and g with g∗ via a G-invariant
scalar product, the ‘moment map’ is a map µ
G
: TX → g defined as follows. If
E1, · · · , El is an orthonormal basis of g, we have µG(x, v) =
∑
i(E
i
M (x), v)ME
i
for (x, v) ∈ TX . The moment map admits the decomposition µ
G
= µ
H
+ µ
G/H
,
relative to the H-invariant orthogonal decomposition of the Lie algebra g = h⊕h⊥.
It is important to note that TGX = µ−1G (0), THX = µ−1H (0), and TGX = THX ∩
µ−1
G/H
(0).
The real vector space g/h is endowed with the complex structure defined by γ.
Consider over TX the H-equivariant symbol
σX
G,H
: TX × ∧evenC g/h −→ TX × ∧oddC g/h
(x, v;w) −→ (x, v;w′) ,
with w′ = Cl(µ
G/H
(x, v)).w. Here h⊥ ≃ g/h, and Cl(X) : ∧Cg/h → ∧Cg/h,
X ∈ g/h, denotes the Clifford action. This symbol has µ−1
G/H
(0) for characteristic set.
For any symbol σ over TX , with characteristic set Char(σ), the product σ ⊙˜σX
G,H
,
defined at (3.23), is a symbol over TX with characteristic set Char(σ ⊙˜σX
G,H
) =
Char(σ) ∩ µ−1
G/H
(0). Then, if σ is a G-transversally elliptic symbol over TX , the
product σ ⊙˜ σX
G,H
is a H-transversally elliptic symbol.
Proposition 3.7. The map rγ
G,H
: KG(TGX ) → KH(THX ) has the following
equivalent definition: for every σ ∈ KG(TGX )
rγ
G,H
(σ) = σ ⊙˜ σX
G,H
in KH(THX ).
Proof : We have to show that for every σ ∈ KG(TGX ), σ⊙˜σXG,H =
(π∗)−1 ◦Θ∗(σ ⊙ σγ
g/h) in KH(THX ). Let pG : TG→ G and pX : TX → X be the
canonical projections. The symbol σγ
g/h : p
∗
G
(G × ∧even
C
g/h) → p∗
G
(G × ∧odd
C
g/h)
is defined by σγ
g/h(a, Z) = Cl(Zg/h) for (a, Z) ∈ TG ≃ G × g, where Zg/h is the
g/h-component of Z ∈ g.
Consider σ : p∗XE0 → p∗XE1, a G-transversally elliptic symbol on TX , where
E0, E1 are G-complex vector bundles over X . The product σ ⊙ σγg/h acts on the
bundles p∗XE• ⊗ p∗G(G× ∧•Cg/h) at (x, v; a, Z) ∈ T(X ×G) by
σ(x, v) ⊙ Cl(Zg/h).
The pullback σo := Θ
∗(σ⊙ σg/h) acts on the bundle G× (p∗XE• ⊗∧•Cg/h) (here we
identify T(X ×G) with G× (g⊕TX )). At (x, v; a, Z) ∈ T(X ×G) we have
σo(x, v; a, Z) = σ ⊙ σγg/h(a.x, v′; a, Z ′), with
(v′, Z ′) =
(
[T(x,a)Θ]
∗
)−1
(v, Z). Here T(x,a)Θ : T(x,a)(X ×G)→ T(a.x,a)(X ×G) is
the tangent map of Θ at (x, a), and [T(x,a)Θ]
∗ : T(a.x,a)(X×G)→ T(x,a)(X ×G) its
transpose. A small computation shows that Z ′ = Z + µ
G
(v) and v′ = a.v. Finally,
we get
σo(x, v; a, Z) = σ(a.x, a.v) ⊙ Cl(Zg/h + µG/H (v)).
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Hence, the symbol (π∗)−1(σo) acts on the bundle p
∗
XE• ⊗ ∧•Cg/h by
(π∗)−1(σo)(x, v) = σ(x, v) ⊙ Cl(µG/H (v)).
✷
For any G-invariant function φ ∈ C∞(G)G, the Weyl integration formula can be
written5
φ = Ind
G
H
(
φ|H ∧•C g/h
)
in C−∞(G)G .(3.27)
where φ|H ∈ C∞(H)H is the restriction to H = Gγ . Equality (3.27) remains true
for any φ ∈ C−∞(G)G that admits a restriction to H .
Lemma 3.8. Let σ be a G-transversally elliptic symbol. Suppose furthermore that
σ is H-transversally elliptic. This symbol defines two classes σ ∈ KG(TGX ) and
σ|H ∈ KH(THX ) with the relation6 rγG,H (σ) = σ|H ⊗ ∧•Cg/h. Hence for the gener-
alized character IndexGX (σ) ∈ R−∞(G) we have a ‘Weyl integration’ formula
IndexGX (σ) = Ind
G
H
(
IndexHX (σ|H) ∧•C g/h
)
.(3.28)
Proof : If σ is H-transversally elliptic, the symbol (x, v)→ σ(x, v)⊙Cl(µ
G/H
(v))
is homotopic to (x, v) → σ(x, v) ⊙ Cl(0) in KH(THX ). Hence σ|H ⊙ σXG,H =
σ|H ⊗ ∧•Cg/h in KH(THX ). (3.28) follows from the diagram (3.26). ✷
Corollary 3.9. Let σ be a G-transversally elliptic symbol which furthermore is H-
transversally elliptic, and let φ ∈ C−∞(G)G which admits a restriction to H. We
have
φ = IndexGX (σ)⇐⇒ φ|H = IndexHX (σ|H) .
In fact, if we come back to the definition of the analytic index given by Atiyah
[1], one can show the following stronger result. If σ be a G-transversally elliptic
symbol which is also H-transversally elliptic, then IndexGX (σ) ∈ C−∞(G)G admits
a restriction to H equal to IndexHX (σ|H) ∈ C−∞(H)H .
4. Localization - The general procedure
We recall briefly the notations. Let (M,J,G) be a compact G-manifold provided
with a G-invariant almost complex structure. We denote by RR
G,J
: KG(M) →
R(G) (or simply RR
G
), the corresponding quantization map. We choose a G-
invariant Riemannian metric (., .)
M
on M . We define in this section a general
procedure to localize the quantization map through the use of a G-equivariant
vector field λ. This idea of localization goes back, when G is a circle group, to
Atiyah [1] (see Lecture 6) and Vergne [38] (see part II).
We denote by Φλ : M → g∗ the map defined by 〈Φλ(m), X〉 := (λm, XM |m)M
for X ∈ g. We denote by σE (m, v), (m, v) ∈ TM the elliptic symbol associated to
ThomG(M)⊗ p∗(E) for E ∈ KG(M) (see section 2).
Let σE1 be the following G-invariant elliptic symbol
σE1 (m, v) := σ
E (m, v − λm), (m, v) ∈ TM.(4.29)
5See Remark 9.2.
6Here we note σ|H ⊗∧
•
C
g/h for the difference σ|H ⊗∧
even
C
g/h − σ|H ⊗∧
odd
C
g/h.
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The symbol σE1 is obviously homotopic to σ
E , so they define the same class in
KG(TM). The characteristic set Char(σE ) is M ⊂ TM , but we see easily that
Char(σE1 ) is equal to the graph of the vector field λ, and
Char(σE1 ) ∩TGM = {(m,λm) ∈ TM, m ∈ {Φλ = 0}} .
We will now decompose the elliptic symbol σE1 in KG(TGM) near
Cλ := {Φλ = 0} .
If a G-invariant subset C is a union of connected components of Cλ there exists
a G-invariant open neighbourhood Uc ⊂ M of C such that Uc ∩ Cλ = C and
∂Uc ∩Cλ = ∅. We associate to the subset C the symbol σEC := σE1 |Uc ∈ KG(TGUc)
which is the restriction of σE1 to TUc. It is well defined since Char(σE1 |Uc)∩TGUc =
{(m,λm) ∈ TM, m ∈ C} is compact.
Proposition 4.1. Let Ca, a ∈ A, be a finite collection of disjoint G-invariant sub-
sets of Cλ, each of them being a union of connected components of Cλ, and let
σECa ∈ KG(TGUa) be the localized symbols. If Cλ = ∪aCa, we have
σE =
∑
a∈A
ia∗(σ
E
Ca ) in KG(TGM),
where ia : Ua →֒ M is the inclusion and ia∗ : KG(TGUa) → KG(TGM) is the
corresponding direct image.
Proof : This is a consequence of the property of excision (see subsection 3.2).
We consider disjoint neighbourhoods Ua of Ca, and take i : U = ∪aUa →֒ M . Let
χa ∈ C∞(M)G be a test function (i.e. 0 ≤ χa ≤ 1) with compact support on Ua
such that χa(m) 6= 0 if m ∈ Ca. Then the function χ :=
∑
a χa is a G-invariant
test function with support in U such that χ never vanishes on Cλ.
Using the G-equivariant symbol σEχ (m, v) := σE (m,χ(m)v−λm), (m, v) ∈ TM ,
we prove the following :
i) the symbol σEχ is G-transversally elliptic and Char(σEχ ) ⊂ TM |U ,
ii) the symbols σEχ and σE1 are equal in KG(TGM), and
iii) the restrictions σEχ |U and σE1 |U are equal in KG(TGU).
With Point i) we can apply the excision property to σEχ , hence σEχ = i∗(σEχ |U ).
By ii) and iii), the last equality gives σE1 = i∗(σ
E
1 |U ) =
∑
a i
a
∗(σ
E
Ca ).
Proof of i). The point (m, v) belongs to Char(σEχ ) if and only if χ(m)v = λm(∗).
If m is not included in U , we have χ(m) = 0 and the equality (∗) becomes λm = 0.
But {λ = 0} ⊂ Cλ ⊂ U , thus Char(σEχ ) ⊂ TM |U . The point (m, v) belongs to
Char(σEχ ) ∩ TGM if and only if χ(m)v = λm and v is orthogonal to the G-orbit
in m. This imposes m ∈ Cλ, and finally we see that Char(σEχ ) ∩ TGM ≃ Cλ is
compact because the function χ never vanishes on Cλ.
Proof of ii). We consider the symbols σEt , t ∈ [0, 1] defined by
σEt (m, v) = σ
E (m, (t+ (1 − t)χ(m))v − λm).
We see as above that σEt is an homotopy of G-transversally elliptic symbols on TM .
Proof of iii). Here we use the homotopy σEt |U , t ∈ [0, 1].
✷
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Because RR
G
(M,E) = IndexGM (σ
E ) ∈ R(G), we obtain from Proposition 4.1 the
following decomposition
RR
G
(M,E) =
∑
a∈A
IndexGUa(σ
E
Ca ) in R
−∞(G).(4.30)
The rest of this article is devoted to the description, in some particular cases, of
the Riemann-Roch character localized near Ca:
RR
G
Ca(M,−) : KG(M) −→ R−∞(G)(4.31)
E 7−→ IndexGUa(σECa ).
5. Localization on Mβ
Let (M,J,G) be a compact G-manifold provided with a G-invariant almost com-
plex structure. Let β be an element in the center of the Lie algebra of G, and
consider the G-invariant vector field λ := βM generated by the infinitesimal action
of β. In this case we have obviously
{ΦβM = 0} = {βM = 0} =Mβ .
In this section, we compute the localization of the quantization map on the subman-
ifoldMβ following the technique explained in section 4. We first need to understand
the case of a vector space.
The principal results of this section, i.e. Proposition 5.4 and Theorem 5.8 were
obtained by Vergne [38][Part II], in the Spin case for an action of the circle group.
5.1. Action on a vector space. Let (V, q, J) be a real vector space equipped
with a complex structure J and an euclidean metric q such that J ∈ O(q). Suppose
that a compact Lie group G acts on (V, q, J) in a unitary way, and that there exists
β in the center of g such that
V β = {0}.
We denote by Tβ the torus generated by exp(t.β), t ∈ R, and tβ its Lie algebra.
The complex ThomG(V, J) does not define an element in KG(TV ) because its
characteristic set is V .
Definition 5.1. Let ThomβG(V ) ∈ KG(TGV ) be the G-transversally7 elliptic com-
plex defined by
ThomβG(V )(x, v) := ThomG(V )(x, v − βV (x)) for (x, v) ∈ TV.
Before computing the index of ThomβG(V ) explicitely, we compare it with the
pushforward j!(C) ∈ KG(TV ) where j : {0} →֒ V is the inclusion and C → {0} is
the trivial line bundle. Recall that IndexGV (j!(C)) = 1.
We denote by V the real vector space V endowed with the complex structure
−J , and ∧•
C
V := ∧even
C
V − ∧odd
C
V the corresponding element in R(G).
Lemma 5.2. We have ∧•
C
V .ThomβG(V ) = j!(C) in KG(TGV ), hence
∧•CV . IndexGV (ThomβG(V )) = 1 in R−∞(G).
7One can verify that Char(ThomβG(V )) ∩TGV = {(0, 0)}.
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Proof : The class j!(C) is represented by the symbol σo : TV × ∧evenC (V ⊗
C) → TV × ∧odd
C
(V ⊗ C), (x, v, w) 7→ (x, v, Cl(x + ıv).w). If we use the following
isomorphism of complex G-vector spaces
V ⊗ C −→ V ⊕ V
x+ ıv 7−→ (v − J(x), v + J(x)) ,
we can write σo = σ− ⊙ σ+, where the symbols8 σ± act on TV × ∧•CV± through
the Clifford maps σ±(x, v) = Cl(v ∓ J(x)). Finally we see that the following G-
transversally elliptic symbols on TV are homotopic
Cl(v + J(x)) ⊙ Cl(v − J(x))
Cl(v + J(x)) ⊙ Cl(v − βV (x))
Cl(0) ⊙ Cl(v − βV (x)) .
The Lemma is proved since (x, v) → Cl(0) ⊙ Cl(v − βV (x)) represents the class
∧•
C
V .ThomβG(V ) in KG(TGV ). ✷
We compute now the index of ThomβG(V ). For α ∈ t∗β , we define the G-invariant
subspaces9 V (α) := {v ∈ V, ρ(expX)(v) = eı〈α,X〉 ·v, ∀X ∈ tβ}, and (V ⊗C)(α) :=
{v ∈ V ⊗ C, ρ(expX)(v) = eı〈α,X〉v, ∀X ∈ tβ}.
An element α ∈ t∗β, is called a weight for the action of Tβ on (V, J) (resp. on
V ⊗ C) if V (α) 6= 0 (resp. (V ⊗ C)(α) 6= 0). We denote by ∆(Tβ , V ) (resp.
∆(Tβ , V ⊗C)) the set of weights for the action of Tβ on V (resp. V ⊗C). We shall
note that ∆(Tβ , V ⊗ C) = ∆(Tβ , V ) ∪ −∆(Tβ , V ).
Definition 5.3. We denote by V +,β the following G-stable subspace of V
V +,β :=
∑
α∈∆+(Tβ ,V )
V (α) ,
where ∆+(Tβ , V ) = {α ∈ ∆(Tβ , V ), 〈α, β〉 > 0}. In the same way, we de-
note by (V ⊗ C)+,β the following G-stable subspace of V ⊗ C: (V ⊗ C)+,β :=∑
α∈∆+(Tβ ,V⊗C)
(V ⊗C)(α), where ∆+(Tβ , V ⊗C) = {α ∈ ∆(Tβ , V ⊗C), 〈α, β〉 >
0}.
For any representationW of G, we denote by detW the representation ∧max
C
W .
In the same way, if W →M is a G complex vector bundle we denote by detW the
corresponding line bundle.
Proposition 5.4. We have the following equality in R−∞(G) :
IndexGV (Thom
β
G(V )) = (−1)dimC V
+,β
detV +,β ⊗
∑
k∈N
Sk((V ⊗ C)+,β) ,
where Sk((V ⊗ C)+,β) is the k-th symmetric product over C of (V ⊗ C)+,β.
Proposition 5.4 and Lemma 5.2 give the two important properties of the gener-
alized function χ := IndexVG(Thom
β
G(V )). First χ is an inverse, in R
−∞(G), of the
function g ∈ G → detCV (1 − g−1) which is the trace of the (virtual) representation
∧•
C
V . Second, the decomposition of χ into irreducible characters of G is of the form
χ =
∑
λmλχ
G
λ
with mλ 6= 0 =⇒ 〈λ, β〉 ≥ 0.
8V+ = V and V− = V .
9We denote by z · v := x.v + y.J(v), z = x + ıy ∈ C, the action of C on the complex vector
space (V, J), and zw = v ⊗ zz′, w = v ⊗ z′ ∈ V ⊗ C the canonical action of C on V ⊗ C.
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Definition 5.5. For any R(G)-module A, we denote by A ⊗̂R(Tβ), the R(G) ⊗
R(Tβ)-module formed by the infinite formal sums
∑
αEα h
α taken over the set of
weights of Tβ, where Eα ∈ A for every α.
We denote by
[∧•
C
V
]−1
β
the infinite sum (−1)r detV +,β⊗∑k∈N Sk((V ⊗C)+,β),
with r = dimC V
+,β. It can be considered either as an element of R−∞(G),
R(G) ⊗̂R(Tβ), or R−∞(Tβ).
Let V → X be a G-complex vector bundle such that Vβ = X . The torus Tβ
acts on the fibers of V → X , so we can polarize the Tβ-weights and define the
vector bundles V+,β and (V ⊗ C)+,β. In this case, the infinite sum [∧•
C
V ]−1
β
:=
(−1)dimC V+,β detV+,β ⊗ ∑k∈N Sk((V ⊗ C)+,β) is an inverse of ∧•CV in
KG(X ) ⊗̂R(Tβ).
The rest of this subsection is devoted to the proof of Proposition 5.4. The case
V +,β = V or V +,β = {0} is considered by Atiyah [1] (see Lecture 6) and Vergne
[38] (see Lemma 6, Part II).
Let H be a maximal torus of G containing Tβ . The symbol Thom
β
G(V ) is alsoH-
transversally elliptic and let ThomβH(V ) be the corresponding class in KH(THV ).
Following Corollary 3.9, we can reduce the proof of Proposition 5.4 to the case
where the group G is equal to the torus H .
Proof of Th. 5.4 for a torus action.
We first recall the index theorem proved by Atiyah in Lecture 6 of [1]. Let Tm
the circle group act on C with the representation tm, m > 0. We have two classes
Thom±
Tm
(C) ∈ KTm(TTm(C)) that correspond respectively to β = ±ı ∈ Lie(S1).
Atiyah denotes these elements ∂
±
.
Lemma 5.6 (Atiyah). We have, for m > 0, the following equalities in R−∞(Tm):
IndexTm
C
(Thom+
Tm
(C)) =
[
1
1−t−m
]+
= −tm.
∑
k∈N
(tm)k
IndexTm
C
(Thom−
Tm
(C)) =
[
1
1−t−m
]−
=
∑
k∈N
(t−m)k .
Here we follow the notation of Atiyah: [ 11−t−m ]
+ and [ 11−t−m ]
− are the Laurent
expansions of the meromorphic function t ∈ C → 11−t−m around t = 0 and t = ∞
respectively.
From this Lemma we can compute the index of Thom±
Tm
(C) when m < 0. Sup-
pose m < 0 and consider the morphism κ : Tm → T|m|, t→ t−1. Using the induced
morphism κ∗ : KT|m|(TT|m|(C))→ KTm(TTm(C)), we see that κ∗(Thom±T|m|(C)) =
Thom∓
Tm
(C). This gives IndexTm
C
(Thom+
Tm
(C)) = κ∗(
∑
k∈N(t
−|m|)k) =
∑
k∈N(t
−m)k
and IndexTm
C
(Thom−
Tm
(C)) = κ∗(−t|m|.∑k∈N(t|m|)k) = −tm∑k∈N(tm)k.
We can summarize these different cases as follows.
Lemma 5.7. Let Tα the circle group act on C with the representation t → tα for
α ∈ Z \ {0}. Let β ∈ Lie(Tα) ≃ R a non-zero element. We have the following
equalities in R−∞(Tα):
IndexTα
C
(
Thomβ
Tα
(C)
)
(t) =
[
1
1− u−1
]ε
u=tα
,
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where ε is the sign of 〈α, β〉.
We decompose now the vector space V into an orthogonal sum V = ⊕i∈ICαi ,
where Cαi is a H-stable subspace of dimension 1 over C equipped with the represen-
tation t ∈ H → tαi ∈ C. Here the set I parametrizes the weights for the action of H
on V , counted with their multiplicities. Consider the circle group Ti with the trivial
action on ⊕k 6=iCαk and with the canonical action on Cαi . We consider V equipped
with the action of H × ΠkTk. The symbol ThomβH(V ) is H × ΠkTk-equivariant
and is either H-transversally elliptic, H×ΠkTk-transversally elliptic (we denote by
σB the corresponding class), or ΠkTk-transversally elliptic (we denote by σA the
corresponding class). We have the following canonical morphisms :
KH(THV )←− KH×ΠkTk(THV ) −→ KH×ΠkTk(TH×ΠkTkV )(5.32)
ThomβH(V )←− σB1 −→ σB ,
KH×ΠkTk(TH×ΠkTkV )← KH×ΠkTk(TΠkTkV ) → KΠkTk(TΠkTkV )
σB ← σB2 → σA .
We consider the following characters:
- φ(t) ∈ R−∞(H) the H-index of ThomβH(V ),
- φB(t, t1, · · · , tl) ∈ R−∞(H ×ΠkTk) the H ×ΠkTk-index of σB (the same for σB1
and σB2).
- φA(t1, · · · , tl) ∈ R−∞(ΠkTk) the ΠkTk-index of σA.
They satisfy the relations
i) φ(t) = φB(t, 1, · · · , 1) and φB(1, t1, · · · , tl) = φA(t1, · · · , tl).
ii) φB(tu, t1u
−α1 , · · · , tlu−α1) = φB(t, t1, · · · , tl), for all u ∈ H .
Point i) is a consequence of the morphisms (5.32). Point ii) follows from the fact
that the elements (u, u−α1 , · · · , u−αl), u ∈ H act trivially on V .
The symbol σA can be expressed through the map
KT1(TT1Cα1)×KT2(TT2Cα2)× · · · ×KTl(TTlCαl) −→ KΠkTk(TΠkTkV )
(σ1, σ2, · · · , σl) 7−→ σ1 ⊙ σ2 ⊙ · · · ⊙ σl .
Here we have σA = ⊙lk=1ThomεkTk(Cαk) in KΠkTk(TΠkTkV ), where εk is the sign
of 〈αk, β〉. Finally, we get
φ(u) = φB(u, 1, · · · , 1) = φB(1, uα1 , · · · , uα1)
= φA(u
α1 , · · · , uα1) = Πk
[
1
1− t−1
]εk
t=uαk
.
To finish the proof, it suffices to note that the following identification ofH-vector
spaces holds : V +,β ≃ ⊕εk>0Cαk and (V ⊗ C)+,β ≃ ⊕kCεkαk . ✷
5.2. Localization of the quantization map onMβ. Let β 6= 0 be a G-invariant
element of g. The localization formula that we prove for the Riemann-Roch char-
acter RR
G
(M,−) will hold in10 R̂(G) := homZ(R(G),Z).
Let N be the normal bundle of Mβ in M . For m ∈ Mβ , we have the decom-
position TmM = TmM
β ⊕ N|m. The linear action of β on TmM precises this
decomposition. The map LM (β) : TmM → TmM commutes with the map J and
10An element of R̂(G) is simply a formal sum
∑
λmλχ
G
λ with mλ ∈ Z for all λ.
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satisfies TmM
β = ker(LM (β)). Here we take N|m := Image(LM (β)). Then the
almost complex structure J induces a G-invariant almost complex structure Jβ on
Mβ, and a complex structure JN on the fibers of N →Mβ. We have then a quan-
tization map RR
G
(Mβ ,−) : KG(Mβ) → R(G). The torus Tβ acts linearly on the
fibers of the complex vector bundle N . Thus we associate the polarized complex
G-vector bundles N+,β and (N ⊗ C)+,β (see Definition 5.5).
Theorem 5.8. For every E ∈ KG(M), we have the following equality in
R̂(G) :
RR
G
(M,E) = (−1)rN
∑
k∈N
RR
G
(Mβ , E|Mβ ⊗ detN+,β ⊗ Sk((N ⊗ C)+,β) ,
where rN is the locally constant function on M
β equal to the complex rank of N+,β.
Before proving this result let us rewrite this localization formula in a more syn-
thetic way. The G × Tβ-Riemann-Roch character RRG×Tβ (Mβ ,−) is extended
canonically to a map from KG(M
β) ⊗̂R(Tβ) to R(G) ⊗̂R(Tβ) (see Definition 5.5).
Note that the surjective morphism G×Tβ → G, (g, t) 7→ g.t induces maps R(G)→
R(G)⊗R(Tβ), KG(M)→ KG×Tβ(M), both denoted k, with the tautological rela-
tion k(RR
G
(M,E)) = RR
G×Tβ
(M,k(E)). To simplify, we will omit the morphism
k in our notations.
Let N be the normal bundle N with the opposite complex structure. With the
convention of Definition 5.5 the element ∧•
C
N ∈ KG×Tβ(Mβ) ≃ KG(Mβ)⊗R(Tβ)
admits a polarized inverse
[∧•
C
N ]−1
β
∈ KG(Mβ) ⊗̂R(Tβ). Finally the result of
Theorem 5.8 can be written as the following equality in R(G) ⊗̂R(Tβ) :
RR
G
(M,E) = RR
G×Tβ
(
Mβ, E|Mβ ⊗
[∧•CN ]−1β ) .(5.33)
Note that Theorem 5.8 gives a proof of some rigidity properties [7, 30]. Let
H be a maximal torus of G. Following Meinrenken and Sjamaar, a G-equivariant
complex vector bundle E →M is called rigid if the action of H on E|MH is trivial.
Take β ∈ h such that Mβ = MH , and apply Theorem 5.8, with β and −β, to
RR
H
(M,E), with E rigid.
If we take +β, Theorem 5.8 shows that h ∈ H → RRH (M,E)(h) is of the form
h ∈ H →∑a∈Hˆ naha with na 6= 0 =⇒ 〈a, β〉 ≥ 0. (see Lemma 9.4). If we take −β,
we find RR
H
(M,E)(h) =
∑
a∈Hˆ nah
a, with na 6= 0 =⇒ −〈a, β〉 ≥ 0. Comparing
the two results, and using the genericity of β, we see that RR
H
(M,E) is a constant
function on H , hence RR
G
(M,E) is then a constant function on G. We can now
rewrite the equation of Theorem 5.8, where we keep on the right hand side the
constant terms:
RR
G
(M,E) =
∑
F⊂MH,+
RR(F,E|F ) .(5.34)
Here the summation is taken over all connected components F of MH such that
N+,βF = 0 (i.e. we have 〈ξ, β〉 < 0 for all weights ξ of the H-action on the normal
bundle NF of F ).
Proof of Theorem 5.8 :
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Let U be a G-invariant tubular neighborhood11 of Mβ in M . We know from
section 4 that RR
G
(M,E) = IndexGU (Thom
β
G(M,J)⊗ E|U) where
ThomβG(M,J)(m,w) := ThomG(V , J)(m,w − βN (m)), (m,w) ∈ TU .
Let φ : V → U be G-invariant diffeomorphism with a G-invariant neighbour-
hood V of Mβ in the normal bundle N . We denote by ThomβG(V , J) the sym-
bol φ∗(ThomβG(M,J)). Here we still denote by J the almost complex structure
transported on V via the diffeomorphism U ≃ V .
Let p : N → Mβ be the canonical projection. The choice of a G-invariant
connection on N induces an isomorphism of G-vector bundles over N :
TN −˜→ p∗ (TMβ ⊕N )(5.35)
w 7−→ Tp(w)⊕ (w)V
Here w→ (w)V , TN → p∗N is the projection which associates to a tangent vector
its vertical part (see [10][section 7] or [31][section 4.1]). The map J˜ := p∗(Jβ ⊕ JN )
defines an almost complex structure on the manifold N which is constant over
the fibers of p. With this new almost complex structure J˜ we construct the G-
transversally elliptic symbol over N
ThomβG(N )(n,w) = ThomG(N , J˜)(n,w − βN (n)), (n,w) ∈ TN .
We denote by i : V → N the inclusion map, and i∗ : KG(TGV) → KG(TGN ) the
induced map.
Lemma 5.9. We have
i∗(Thom
β
G(V , J)) = ThomβG(N ) in KG(TN ).
Proof : We proceed as in Lemma 2.2. The complex structure Jn, n ∈ V and
J˜n, n ∈ N are equal onMβ, and are related by the homotopy J t(x,v) := J(x,t.v), u ∈
[0, 1] for n = (x, v) ∈ V . Then, as in Lemma 2.2, we can construct an invertible
bundle map A ∈ Γ(V ,End(TV))G, which is homotopic to the identity and such that
A.J = J˜ .A on V . We conclude as in Lemma 2.2 that the symbols ThomβG(V , J) and
ThomβG(N )|V are equal in KG(TV). Then the Lemma follows from the excision
property. ✷
Since E ≃ p∗(E|Mβ ), for any G-complex vector bundle E over N , the former
Lemma tells us that RR
G
(M,E) = IndexGN (Thom
β
G(N ) ⊗ p∗(E|Mβ )).
We consider now the Hermitian vector bundle N → Mβ with the action of
G × Tβ . First we use the decomposition N = ⊕αNα relatively to the unitary
action of Tβ on the fibers of N . Let Nα be an Hermitian vector space of dimension
equal to the rank of Nα, equipped with the representation t → tα of Tβ . Let U
be the group of Tβ-equivariant unitary maps of the vector space N := ⊕αNα, and
let R be the Tβ-equivariant unitary frame of (N , JN ) framed on N . Note that
R is provided with a U × G-action and a trivial action of Tβ : for x ∈ Mβ, any
element of R|x is a Tβ-equivariant unitary map from N to N|x. The manifold N
is isomorphic to R×U N , where G acts on R and Tβ acts on N .
We denote by ThomβG×Tβ (N ) the G×Tβ canonical extension of Thom
β
G(N ). It
can be considered as a G, G × Tβ , or Tβ-transversally elliptic symbol. Here we
11To simplify the notation, we keep the notation Mβ even if we work in fact on a connected
component of the submanifold Mβ .
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consider ThomβG×Tβ(N ) as an element of KG×Tβ(TTβ (R ×U N)). Recall that we
have two isomorphisms
π∗N : KG×Tβ(TTβ (R×U N))−˜→KG×Tβ×U (TTβ×U (R ×N)),(5.36)
π∗ : KG(TM
β)−˜→KG×U (TUR),(5.37)
where πN : R×N → R×U N ≃ N and π : R→ R/U ≃Mβ are the quotient maps
relative to the free U -action. Following (3.24), we have a product
KG×U (TUR)×KTβ×U (TTβN) −→ KG×Tβ×U (TTβ×U (R×N)) .(5.38)
The following Thom classes
- ThomβG×Tβ(N ) ∈ KG×Tβ(TTβ (R ×U N)),
- Thomβ
Tβ×U
(N) ∈ KTβ×U (TTβN), and
- ThomG(M
β) ∈ KG(TMβ)
are related by the following equality in KG×Tβ×U (TTβ×U (R×N)) :
π∗NThom
β
G×Tβ
(N ) = (π∗ThomG(Mβ))⊙ ThomβTβ×U (N).(5.39)
We will justify (5.39) later. Every E ∈ KG(M), when restrict to Mβ , admit
the decomposition E|Mβ =
∑
a∈T̂β
Ea ⊗ Ca in KG×Tβ (Mβ) ≃ KG(Mβ) ⊗ R(Tβ).
Multiplication of (5.39) by E gives
π∗N (Thom
β
G×Tβ
(N )⊗E|Mβ ) =
∑
a∈T̂β
π∗(ThomG(M
β)⊗Ea)⊙(Thomβ
Tβ×U
(N)⊗Ca).
Following (3.25) and Theorem (3.3), the last equality gives, after taking the
index and the U -invariant :
RR
G×Tβ
(M,E) =
∑
a
∑
i∈Û
RR
G
(Mβ , Ea ⊗W ∗i ) ·Wi · IndexTβ×U
(
Thomβ
Tβ×U
(N)
)
· Ca
U .(5.40)
Here we used that RR
G×Tβ
(M,E) is equal to the U -invariant part of
IndexG×Tβ×U (π∗N (Thom
β
G×Tβ
(N )⊗E|Mβ )), and the index of π∗(ThomG(Mβ)⊗Ea)
is equal to
∑
i∈Û RR
G
(Mβ, Ea ⊗W ∗i ).Wi.
Now we observe that for any L ∈ R(U), the U -invariant part of∑
i∈Û RR
G
(Mβ, E|Mβ ⊗W ∗i ).Wi ⊗ L is equal to RR
G
(Mβ, E|Mβ ⊗ L) with L =
R×U L. With the computation of IndexTβ×U (ThomβTβ×U (N)) given in Proposition
5.4 we obtain finally
RR
G×Tβ
(M,E) = (−1)rN
∑
k∈N
RR
G×Tβ
(
Mβ, E|Mβ ⊗ detN+,β ⊗ Sk((N ⊗C)+,β)
)
which implies the equality of Theorem 5.8.
We give now an explanation for (5.39), which is a direct consequence of the fact
that the almost complex structure J˜ admits the decomposition J˜ = p∗(Jβ ⊕ JN ).
Hence ∧•
C
TnN equipped with the map Cln(v− βN (n)), v ∈ TnN is isomorphic to
∧•
C
TxM
β⊗∧•
C
N|x equipped with Clx(v1)⊙Clx(v2−βN (n)) where x = pa(n), and
the vector v ∈ TnN is decomposed, following the isomorphism (5.35), in v = v1+v2
26 PAUL-EMILE PARADAN
with v1 ∈ TxMβ and v2 ∈ N|x. Note that the vector w = βN (n) ∈ TnN is vertical,
i.e. w = (w)V . ✷
6. Localization via an abstract moment map
Let (M,J,G) be a compact G-manifold provided with a G-invariant almost com-
plex structure. We denote by RR
G
: KG(M)→ R(G) the quantization map. Here
we suppose that the G-manifold is equipped with an abstract moment map [15, 20].
Definition 6.1. A smooth map f
G
:M → g∗ is called an abstract moment map if
i) the map fG is equivariant for the action of the group G, and
ii)12 for every Lie subgroup K ⊂ G with Lie algebra k, the induced map f
K
:
M → k∗ is locally constant on the submanifold MK of fixed points for the K-action
(the map f
K
is the composition of f
G
with the projection g∗ → k∗).
The terminology “moment map” is usually used when we work in the case of a
Hamiltonian action. More precisely, when the manifold is equipped with a sym-
plectic 2-form ω which is G-invariant, a moment map Φ : M → g∗ relative to ω is
a G-equivariant map satisfying d〈Φ, X〉 = −ω(XM ,−), X ∈ g.
For the rest of this paper we make the choice of a G-invariant scalar product
over g∗. This defines an identification g∗ ≃ g, and we work with a given abstract
moment map fG :M → g.
Definition 6.2. Let HG be the G-invariant vector field over M defined by
HGm := (fG(m)M )m, ∀ m ∈M.
The aim of this section is to compute the localization, as in section 4, with the
G-invariant vector fieldHG . We know that the Riemann-Roch character is localized
near the set {ΦHG = 0}, but we see that {ΦHG = 0} = {H
G
= 0}. We will denote
by CfG this set. Let H be a maximal torus of G, with Lie algebra h, and let h+ be
a Weyl chamber in h.
Lemma 6.3. There exists a finite subset B
G
⊂ h+, such that
CfG =
⋃
β∈B
G
C
G
β , with C
G
β = G.(M
β ∩ f−1
G
(β)).
Proof : We first observe that HGm = 0 if and only if fG(m) = β′ and β′M |m = 0,
that is m ∈Mβ′ ∩ f−1
G
(β′), for some β′ ∈ g. For every β′ ∈ g, there exists β ∈ h+,
with β′ = g.β for some g ∈ G. Hence Mβ′ ∩ f−1
G
(β′) = g.(Mβ ∩ f−1
G
(β)). We
have shown that CfG =
⋃
β∈h+
C
G
β , and we need to prove that the set BG := {β ∈
h+, M
β ∩ f−1
G
(β) 6= ∅} is finite. Consider the set {H1, · · · , Hl} of stabilizers for
the action of the torus H on the compact manifold M . For each β ∈ h we denote
by Tβ the subtorus of H generated by exp(t.β), t ∈ R, and we observe that
Mβ ∩ f−1
G
(β) 6= ∅ ⇐⇒ ∃Hi such that Tβ ⊂ Hi and MHi ∩ f−1G (β) 6= ∅
⇐⇒ ∃Hi such that β ∈ fG(MHi) ∩ Lie(Hi).
12Condition ii) is equivalent to the following : for every X ∈ g, the fonction 〈fG , X〉 is locally
constant on MX .
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But f
G
(MHi) ∩ Lie(Hi) ⊂ fHi (MHi) is a finite set after Definition 6.1. The proof
is now completed. ✷
Definition 6.4. Let ThomfG,[β](M) ∈ KG(TGU
G,β
) defined by
ThomfG,[β](M)(x, v) := ThomG(M)(x, v −H
G
x ), for (x, v) ∈ TU
G,β
.
Here i
G,β
: UG,β →֒ M is any G-invariant neighbourhood of CGβ such that UG,β ∩
CfG = C
G
β .
Definition 6.5. For every β ∈ B
G
, we denote by RR
G
β (M,−) : KG(M)→ R−∞(G)
the localized Riemann-Roch character near C
G
β , defined as in (4.31), by
RR
G
β (M,E) = Index
G
UG,β
(
ThomfG,[β](M)⊗ E|UG,β
)
,
for E ∈ KG(M). Note that the map RRGβ (M,−) is well defined on a non-compact
manifold M when the abstract moment map is proper, since we can take UG,β
relatively compact and the index map IndexG
UG,β
is then defined (see Corollary 3.2).
According to Proposition 4.1, we have the partition RR
G
(M,−) =∑
β∈B
G
RR
G
β (M,−), and the rest of this article is devoted to the analysis of the
maps RR
G
β (M,−), β ∈ BG .
In subsections 6.3 and 6.4 we prove that [RR
G
β (M,E)]
G = 0, when E is f
G
-
strictly positive with η
E,β
> 〈θ, β〉 (see Def. 1.2 for the notion of f
G
-positivity). The
next two subsections are devoted to the computation of RR
G
0 (M,−) when 0 is a
regular value of the abstract moment map f
G
.
6.1. Induced Spinc structures. In this subsection we first review the notion of
Spinc-structures (see [25, 14, 33]). After we show that the almost complex structure
J on M induces a Spinc-structure on Mred.
The group Spinn is the connected double cover of the group SOn. Let η : Spinn →
SOn be the covering map, and let ε be the element who generates the kernel. The
group Spincn is the quotient Spinn×Z2 U1, where Z2 acts by (ε,−1). There are two
canonical group homomorphisms
η : Spincn → SOn , Det : Spincn → U1
such that ηc = (η,Det) : Spincn → SOn ×U1 is a double covering map.
Let p : E → M be an oriented Euclidean vector bundle of rank n, and let
PSO(E) be its bundle of oriented orthonormal frames. A Spin
c-structure on E
is a Spincn-principal bundle PSpinc(E) → M , together with a Spinc-equivariant
map PSpinc(E) → PSO(E). The line bundle L := PSpinc(E) ×Det C is called the
determinant line bundle associated to PSpinc(E). Whe have then a double covering
map13
ηcE : PSpinc(E) −→ PSO(E)× PU(L) ,(6.41)
where PU(L) := PSpinc(E)×Det U1 is the associated U1-principal bundle over M .
13If P , Q are principal bundle over M respectively for the groups G and H, we denote simply
by P ×Q their fibering product over M which is a G×H principal bundle over M .
28 PAUL-EMILE PARADAN
A Spinc-structure on an oriented Riemannian manifold is a Spinc-structure on its
tangent bundle. If a group K acts on the bundle E, preserving the orientation and
the Euclidean structure, we defines a K-equivariant Spinc-structure by requiring
PSpinc(E) to be a K-equivariant principal bundle, and (6.41) to be (K × Spincn)-
equivariant.
We assume now that E is of even rank n = 2m. Let ∆2m be the irreducible
complex Spin representation of Spinc2m. Recall that ∆2m = ∆
+
2m ⊕∆−2m inherits a
canonical Clifford action c : R2m → EndC(∆2m) which is Spinc2m-equivariant, and
which interchanges the graduation : c(v) : ∆±2m → ∆∓2m, for every v ∈ R2m. Let
S(E) := PSpinc(E)×Spinc
2m
∆2m(6.42)
be the irreducible complex spinor bundle over E → M . The orientation on the
fibers of E defines a graduation S(E) := S(E)+ ⊕ S(E)−. Let E be the bundle E
with opposite orientation. A Spinc structure on E induces a Spinc on E, with the
same determinant line bundle, and such that S(E)± = S(E)∓.
More generaly, we associated to an Euclidean vector bundle p : E → M its
Clifford bundle Cl(E)→M . A complex vector bundle S →M is called a complex
spinor bundle over E → M if it is a left-Cl(E)-module; moreover S is called irre-
ducible if Cl(E)⊗C ≃ EndC(S). In fact the notion of Spinc-structure (in terms of
principal bundle) on a Euclidean bundle E → M is equivalent to the existence of
an irreducible complex spinor bundle over E →M [33].
Since E = PSpinc(E) ×Spinc
2m
R2m, the bundle p∗S(E) is isomorphic to
PSpinc(E)×Spinc
2m
(R2m ⊕∆2m).
Definition 6.6. Let S-Thom(E) : p∗S(E)+ → p∗S(E)− be the symbol defined by
PSpinc(E)×Spinc2m (R2m ⊕∆+2m) −→ PSpinc(E)×Spinc2m (R2m ⊕∆−2m)
[p; v, w] 7−→ [p, v, c(v)w] .
When E is the tangent bundle of a manifold M , the symbol S-Thom(E) is denoted
by S-Thom(M). If a group K acts equivariantly on the Spinc-stucture, we denote
by S-ThomK(E) the equivariant symbol.
The characteristic set of S-Thom(E) is M ≃ {zero section of E}, hence it de-
fines a class in K(E) if M is compact. When E = TM , the symbol S-Thom(M)
corresponds to the principal symbol of the Spinc Dirac operator associated to
the Spinc-structure [14]. When M is compact, we define a quantization map
Q(M,−) : K(M) → Z by the relation Q(M,E) := IndexM (S-Thom(M) ⊗ E) :
Q(M,E) is the index of the Spinc Dirac operator on M twisted by E.
These notions extend to the orbifold case. Let M be a manifold with a locally
free action of a compact Lie group G. The quotient X := M/G is an orbifold, a
space with finite quotient singularities. A Spinc structure on X is by definition a
G-equivariant Spinc structure on the bundle TGM →M ; where TGM is identified
with the pullback of TX via the quotient map π : M → X . We define in the
same way S-Thom(X ) ∈ Korb(TX ), such that π∗S-Thom(X ) = S-ThomG(TGM).
The pullback by π induces an isomophism π∗ : Korb(TX ) ≃ KG(TGM). The
quantization map Q(X ,−) is defined by : Q(X , E) = IndexX (S-Thom(X )⊗ E).
Lemma 6.7. Let E →M be an oriented G-bundle . Let g0, g1 be two G-invariant
metric on the fibers of E, and suppose that (E, g0) admits an equivariant Spin
c-
stucture denoted by PSpinc(E, g0). The trivial homotopy gt = (1 − t).g0 + t.g1
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between the metrics, induces an equivariant homotopy between the principal bun-
dles PSO(E, g0), PSO(E, g1) which can be lift to an equivariant homotopy between
PSpinc(E, g0) and a Spin
c-bundle over (E, g1). When the base M is compact, the
corresponding symbols S-ThomG(E, g0) and S-ThomG(E, g1) define the same class
in KG(E).
Proof : Let S be the irreducible complex spinor bundle associated to PSpinc(E, g0).
We denote by c0 : Cl(E, g0)→ EndC(S) the corresponding Clifford action. Let At
be the unique g0-symmetric endomorphism ofE such that gt(v, w) = g0(At(v), At(w)).
The composition c0 ◦At is then a Clifford action of (E, gt) on S. It defines a Spinc-
structure on the bundle (E, gt) which is homotopic to PSpinc(E, g0). ✷
Consider now the case of a complex vector bundle E →M , of complex rank m.
The orientation on the fibers of E is given by the complex structure J . Let PU(E)
be the bundle of unitary frames on E. We have a morphism j : Um → Spinc2m
which makes the diagram14
Um
j
//
i×det
))R
R
R
R
R
R
R
R
R
R
R
R
R
R
R
R
Spinc2m
ηc

SO2m ×U1 .
(6.43)
commutative [25]. Then
PSpinc(E) := Spin
c
2m ×j PU(E)(6.44)
defines a Spinc-structure over E, with bundle of irreducible spinors S(E) = ∧•
C
E
and determinant line bundle equal to detCE.
Remark 6.8. Let M be a manifold equipped with an almost complex structure J .
The symbol S-Thom(M) defined by the Spinc-structure (6.44), and the Thom symbol
Thom(M,J) defined in section 2 coincide.
Consider our case of interest, where M is a compact G-manifold equipped with
an equivariant almost complex structure J and with an abstract moment map
f
G
: M → g∗. Here we assume that 0 is a regular value of f
G
: Z := f−1
G
(0) is a
smooth submanifold of M with a locally free action of G. Let Mred := Z/G be
the corresponding ‘reduced’ space, and let π : Z → Mred be the projection map.
On Z we have an exact sequence 0 −→ TZ −→ TM |Z dfG−→ g∗ × Z −→ 0, and
TZ = TGZ⊕gZ where gZ ≃ g×Z denotes the trivial bundle corresponding to the
subspace of TZ formed by the vector field generated by the infinitesimal action of
g. So TM |Z admits the decomposition
TM |Z = TGZ ⊕ gZ ⊕ g∗ ×Z .(6.45)
The bundle π∗(TMred) is identified with TGZ. Thus the decomposition (6.45) can
be rewritten
TM |Z = π∗(TMred)⊕ gC ×Z .(6.46)
with the convention gZ = (g⊗ iR)×Z and g∗ ×Z = (g⊗ R)×Z.
Lemma 6.9. The data (J, f
G
) induce :
14Here i : Um →֒ SO2m is the canonical inclusion map.
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• an orientation ored on Mred,
• a Spinc-structure Qred on (Mred, ored).
Moreover, the irreducible complex spinor bundle ∧•JTM , when restricted to Z, de-
fines a complex spinor bundle over π∗(TMred) ⊕ gC × Z which is homotopic to
π∗S(Mred)⊗ ∧•CgC ×Z.
Proof : Since gC ×Z is canonically oriented by the complex multiplication by i,
the orientation o(J) on M determines an orientation o(Mred) on TMred such that
o(J) = o(Mred) o(ı).
Let g0 be the Riemannian metric on TM |Z equal to the restriction to Z of the
Riemannian metric on M (which is taken compatible with J). If P is the Spinc-
structure on M determined by J (see 6.44), the restriction P|Z is then a Spinc-
structure on (TM |Z , g0).Let g1 be a G-invariant metric on the bundle TM |Z which
makes (6.46) an orthogonal sum, and which is constant on the the trivial bundle
gC × Z. We know from Lemma 6.7 that the Spinc-structure P|Z on (TM |Z , g0) is
homotopic to Spinc-structure P1 on (TM |Z , g1) (both are G-equivariant).
The SO2k×Ul-principal bundle PSO(π∗(TMred))×PU(gC×Z) is a reduction15 of
the SO2n principal bundle PSO(π
∗(TMred)⊕gC×Z), thus we have the commutative
diagram
Q //

PSO(π
∗(TMred))× PU(gC ×Z)× PU(L|Z )

P1 // PSO(π
∗(TMred)⊕ gC × Z)× PU(L|Z) ,
(6.47)
where L = detC(TM,J). Here Q is a (η
c)−1(SO2k × Ul) ≃ Spinc2k × Ul-principal
bundle. Finally we see that Qred = Q/(Ul ×G) is a Spinc structure on Mred with
determinant line bundle Lred = detC(TM |Z)/G.
The irreducible complex spinor bundle ∧•JTM , when restricted to Z, is homo-
topic to S ′ = P1 ×Spinc
2n
∆2m. Using (6.47) we get
S ′ = Q×(Spinc
2k×Ul)
(
∆2k ⊗ ∧•Cl
)
=
(
(Q/Ul)×Spinc
2k
∆2k
)
⊗
(
(Q/Spinc2k)×Ul ∧•Cl
)
= π∗S(Mred)⊗ (∧•gC)×Z .
Here we have used the identifications Q/Spinc2k = PU(gC×Z) and PU(gC×Z)×Ul
∧•Cl = (∧•gC)×Z. ✷
We shall consider the particular case where J defines an almost complex structure
on Mred. It happens when the following decomposition holds
TM |Z = TZ ⊕ J(gZ) .(6.48)
With (6.48), TM |Z decomposes in TM |Z = π∗(TMred)⊕gZ⊕J(gZ) : let us denote
by pr : TM |Z → π∗(TMred) the corresponding projection. Since gZ ⊕ J(gZ) is
invariant by J , the endomorphism Jred := pr ◦ J is a G-invariant almost complex
structure on π∗(TMred).
15Here 2n = dimM , 2k = dimMred and l = dim(g), so n = k + l.
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Using the identification g ≃ g∗, one considers the endomorphism D of the trivial
bundle g×Z defined by
D(X) = −df
G
(J(XZ)) , for X ∈ g.(6.49)
Condition (6.48) is then equivalent to : detD(z) 6= 0 for all z ∈ Z. We shall use the
normalized map D(DtD)−1/2 which is an orthogonal map for the fixed Euclidean
structure on g (to simplify we keep the same notation D for it). Let JD be the
complex structure on the trivial bundle gC ×Z defined by the following matrix
JD :=
(
0 −D
D−1 0
)
.
Lemma 6.10. Suppose that the decomposition (6.48) holds. On16 TM |Z =
π∗(TMred) ⊕ gC × Z the almost complex structure J is homotopic to Jred × JD.
Hence the irreducible complex spinor bundle ∧•JTM , when restricted to Z, de-
fines a complex spinor bundle over π∗(TMred) ⊕ gC × Z which is homotopic to
π∗(∧•JredTMred)⊗ ∧•JDgC ×Z.
Proof : Trough the decomposition TM |Z = π∗(TMred)⊕ gZ ⊕ J(gZ), the map
J is described by the matrix (
Jred 0
A ı
)
,
hence J is homotopic to
J ′ =
(
Jred 0
0 ı
)
.
In the decomposition (6.46), J ′ has the following matrix(
Jred B
0 C
)
,
with C ∈ End(gC ×Z) of the form( −DbD−1 −D
b2D−1 +D−1 b
)
.
Hence J ′ is tied to Jred×JD through the homotopies t→ t B and t→ t b, 0 ≤ t ≤ 1.
✷
6.2. The map RR
G
0 . The map RR
G
0 (M,−) : KG(M)→ R−∞(G) is the Riemann-
Roch character localized near C
G
0 = f
−1
G
(0) (see Definition 6.5). In particular,
RR
G
0 (M,−) is the zero map if 0 does not belong to fG(M). In this subsection, we
assume that 0 ∈ f
G
(M) is a regular value of f
G
. We have proved in the past sub-
section that J induces an orientation o(Mred) on the reduced spaceMred together
with a Spinc-structure on (Mred, o(Mred)). Let S-Thom(Mred) be the elliptic
symbol defined by this Spinc-structure and let Q(Mred,−) be the corresponding
quantization map.
Proposition 6.11. For every G-equivariant vector bundle E →M , we have
RR
G
0 (M,E) =
∑
µ∈Λ∗
+
Q(Mred, Ered ⊗ Vµ∗).Vµ in R−∞(G) ,(6.50)
16Here we use the decompostion (6.46) of TM |Z .
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Here Ered = E/G is the orbifold vector bundle on Mred induced by E, and Vµ =
Z ×G Vµ. In particular, the G-invariant part of RRG0 (M,E) is equal to
Q(Mred, Ered) ∈ Z.
Equality (6.50) is obtained by Vergne [38][Part II] in the case of a Hamiltonian
action of the circle group on a compact symplectic manifold.
Suppose now that the decomposition (6.48) holds. The trivial bundle gC×Z has
two irreducible complex spinor bundles ∧•
C
gC ×Z and ∧•JDgC ×Z. Thus
∧•JDgC ×Z = ∧•CgC ×Z ⊗ π∗LD(6.51)
where π∗LD → Z is the line bundle equal to HomClC(∧•CgC×Z,∧•JDgC×Z) : at z ∈Z, π∗LD|z is the complex vector space of linear maps ∧•CgC → ∧•JD(z)gC commuting
with the Clifford actions (see [33]). Note that ∧±JDgC × Z = ∧±C gC × Z ⊗ π∗LD if
the orientation of JD coincide with those defined by ı (i.e. detD > 0). If detD < 0,
we have ∧±JDgC ×Z = ∧∓C gC ×Z ⊗ π∗LD.
Proposition 6.12. Suppose that the decomposition (6.48) holds, and let
RRJred(Mred,−) be the quantization map given by Jred. For every G-equivariant
vector bundle E →M , we have[
RR
G
0 (M,E)
]G
= ±RRJred(Mred, Ered ⊗ LD) ,(6.52)
where ± is the sign of detD.
Proof of Proposition 6.11 : Following Definition 6.5, the map RR
G
0 (M,−) is
defined by ThomfG,[0](M) ∈ KG(TGU
G,0
), where UG,0 is a (small) neighbourhood
of Z in M . Since 0 is a regular value of f
G
, UG,0 is diffeomorphic to Z × g∗, and
the moment map is equal to the projection f : Z × g∗ → g∗ in a neighbourhood
of Z in Z × g∗. We denote by σZ ∈ KG(TG(Z × g∗)) the symbol corresponding
to ThomfG,[0](M) through the diffeomorphism U
G,0 ∼= Z × g∗. Let IndexGZ×g∗ :
KG(TG(Z × g∗)) → R−∞(G) be the index map on Z × g∗. The map RRG0 (M,−)
is defined by RR
G
0 (M,E) = Index
G
Z×g∗(σZ ⊗ f∗(E|Z)).
Following Atiyah [1][Theorem 4.3], the inclusion map j : Z →֒ Z ×g∗ induces an
R(G)-module morphism j! : KG(TGZ)→ KG(TG(Z × g∗)), with the commutative
diagram
KG(TGZ) j! //
IndexGZ **UUU
U
U
U
U
U
U
U
U
U
U
U
U
U
U
KG(TG(Z × g∗))
IndexGZ×g∗

R−∞(G)
.(6.53)
More generally, the map i! : KG(TGZ) → KG(TGY) is defined by Atiyah for
any embedding i : Z →֒ Y of G-manifolds with Z compact.
Consider now the case where i is the zero-section of a G-vector bundle E →
Z. In general the map i! is not an isomorphism. If furthermore the G-action
is locally free over Z, then TGZ, TGE are respectively subbundles of TZ → Z,
TE → E , and the projection TGE → TGZ is a vector bundle isomorphic to s∗(TE)
(where s : TGZ →֒ TZ is the inclusion). Hence the vector bundle TGE → TGZ
inherits a complex structure over the fibers (coming from the complex vector bundle
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TE → TZ). In this situation, the map i! : KG(TGZ) → KG(TGE) is the Thom
isomorphism.
In the case of the (trivial) vector bundle Z × g∗ → Z, the map j! : KG(TGZ)→
KG(TG(Z × g∗)) is then an isomorphism. Take σ˜Z = (j!)−1(σZ), and from the
commutative diagram (6.53) we have RR
G
0 (M,E) = Index
G
Z (σ˜Z ⊗ E|Z). From
Theorem 3.3 we get
IndexGZ(σ˜Z ⊗ E|Z) =
∑
µ∈Λ∗
+
IndexMred(σ
red ⊗ Ered ⊗ Vµ∗).Vµ ,
where σred ∈ Korb(TMred) corresponds to σ˜Z = (j!)−1(σZ) through the isomor-
phism π∗ : Korb(TMred)→ KG(TGZ). Proposition 6.12 follows immediately from
the
Lemma 6.13. We have
j! ◦ (π)∗
(
S-Thom(Mred)
)
= σZ
in KG(TG(Z × g∗)).
Proof : Let S(M) the irreducible spinor bundle defined by the almost complex
structure J . Let J˜ be the almost complex structure on Z × g∗, equal to J on Z,
and which is constant on the fibers of the projection Z × g→ Z. Since the almost
complex structures J and J˜ are homotopic near Z, the complex σZ can be defined
on Z×g with J˜ : we take S(M)|Z×g∗ for bundle of spinors over Z×g∗. Following
(6.46) and (6.45), for (z, ξ) ∈ Z × g∗ a vector v ∈ T(z,ξ)(Z × g∗) decomposes into
v = v1+X+ ıY , where v1 ∈ π∗(TMξ), and X + ıY ∈ gC. The map σZ(z, ξ; v) acts
on S(M)z by the Clifford action pushed by the vector field17 HG(z, ξ) = ı ξ :
σZ(z, ξ; v) = Clz(v1 +X + ı (Y − ξ)) .
Using now Lemma 6.9, we see that σZ is homotopic to the symbol σ
′
Z which acts
on the product (π∗S(Mred)⊗ ∧•CgC ×Z)× g∗ by
σ′Z(z, ξ; v) = Clz(v1)⊙ Cl(X + ı(Y − ξ)) .
Now we see that the map Clz(v1) ⊙ Cl(X + ı(Y − ξ)) is homotopic, as a G-
transversally elliptic symbol, to Clz(v1) ⊙ Cl(ξ + ıX). The K-theory class of this
former symbol is equal to (π)∗(S-Thom(Mred)) ⊙ k!(C) (where k : {0} →֒ g∗)
which is the symbol map of j! ◦ (π)∗ (S-Thom(Mred)) (see the construction of the
map j! in [1][Lecture 4]). We have shown that j! ◦ (π)∗ (S-Thom(Mred)) = σZ in
KG(TG(Z × g∗)). ✷
Proof of Proposition 6.12 : Here the proof is similar to the former proof but we
use Lemma 6.10 instead of Lemma 6.9. One as to show that
j! ◦ (π)∗
(
S-Thom(Mred)⊗ LD
)
= ±σZ
in KG(TG(Z×g∗)), where ± is the sign of detD. By Lemma 6.10, we see as before
that σZ is homotopic to the product
Clz(v1)⊙ ClJD (ξ + ıX)(6.54)
acting on (∧•Jredπ∗(TMred) ⊗ ∧•JDgC × Z) × g∗. Now we use the isomorphism of
irreducible complex spinor bundles (6.51) where we have two different orientations
17The tangent vector H
G
(z, ξ) ∈ gZ |z is equal to ıξ ∈ gC × Z.
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o(JD) and o(ı) on gC × Z: o(JD) = ±o(ı) where ± is the sign of detD. Hence the
transversally elliptic symbol (6.54) is equal to
± Clz(v1)⊙ Cl(ξ + ıX)⊙ IdLD
acting on (∧•Jredπ∗(TMred)⊗ ∧•CgC ×Z ⊗ LD)× g∗. ✷
6.3. The map RR
G
β when Gβ = G. When β ∈ BG − {0} is in the center of g,
the map RR
G
β (M,−) is the Riemann-Roch character localized near Mβ ∩ f−1G (β).
In this subsection we prove that [RR
G
β (M,E)]
G = 0 if E is a f
G
-strictly positive
complex vector bundle.
The almost complex structure J and the abstract moment map f
G
: M → g
restrict on Mβ to an almost complex structure Jβ and a abstract moment map
f
G
|Mβ . The set Mβ ∩ f−1G (β) = (fG |Mβ )−1(β) is a component of the critical set of
CfG |Mβ , and we denote by RR
G
β (M
β,−) : KG(Mβ)→ R−∞(G) the Riemann-Roch
character on Mβ localized near the component (f
G
|Mβ )−1(β) (see Definition 6.5).
Here we proceed as in section 5. Let p : N →Mβ be the normal bundle of Mβ
in M . The torus Tβ →֒ G acts linearly on the fibers of the complex vector bundle
N , thus we associate, as in Theorem 5.8, the polarized complex G-vector bundles
N+,β and (N ⊗ C)+,β.
Proposition 6.14. For every E ∈ KG(M), we have the following equality in
R̂(G) :
RR
G
β (M,E) = (−1)rN
∑
k∈N
RR
G
β (M
β , E|Mβ ⊗ detN+,β ⊗ Sk((N ⊗ C)+,β) ,
where rN is the locally constant function on M
β equal to the complex rank of N+,β.
Consider the G × Tβ-Riemann-Roch character RRG×Tββ (Mβ,−) localized near
Mβ∩f−1
G
(β). It can be extended trivially to a map, still denoted byRR
G×Tβ
β (M
β,−),
from KG(M
β) ⊗̂R(Tβ) to R−∞(G) ⊗̂R(Tβ). Following Definition 5.5 the element
∧•
C
N ∈ KG×Tβ(Mβ) ≃ KG(Mβ) ⊗ R(Tβ) admits a polarized inverse
[∧•
C
N ]−1
β
∈
KG(M
β) ⊗̂R(Tβ). Finally the result of Proposition 6.14 can be written as the
following equality in R−∞(G) ⊗̂R(Tβ) :
RR
G
β (M,E) = RR
G×Tβ
β
(
Mβ, E|Mβ ⊗
[∧•CN ]−1β ) .(6.55)
Consider the decomposition of RR
G
β (M,E) =
∑
λmβ,λ(E)χ
G
λ
in irreducible
characters χG
λ
, λ ∈ Λ∗+. Let E be a fG -strictly positive complex vector bundle
over M , and let η
E,β
> 0 be the constant defined in Definition 1.2. If Z is a con-
nected component of Mβ which intersects f−1
G
(β), every weight a of the Tβ-action
on the fibers of the complex vector bundle E
k
⊗|Z ⊗ detN+,β ⊗ Sk((N ⊗ C)+,β)
satisfy 〈a, β〉 ≥ k.η
E,β
. Lemma 9.4 and Corollary 9.5, applied to this situation,
show that
mβ,λ(E
k
⊗) 6= 0 =⇒ 〈λ, β〉 ≥ k.η
E,β
.(6.56)
In particular [RR
G
β (M,E)]
G = mβ,0(E) = 0, so we have proved the
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Corollary 6.15. Let E be a f
G
-strictly positive complex vector bundle over M
(see Def. 1.2). For any β ∈ B
G
− {0}, with Gβ = G, the G-invariant part of
RR
G
β (M,E) is equal to 0.
Proof of Proposition 6.14 :
Here we proceed as in the proof of Theorem 5.8. The almost complex structure
J induces an almost complex structure Jβ on M
β and a complex structure JN
on the fibers of N . The G × Tβ-vector bundle p : N → Mβ is isomorphic to
R ×U N → Mβ = R/U , where R is the Tβ -equivariant unitary frame of (N , JN )
framed on N .
Let UG,β be a neighbourhood of CGβ in M , and consider the G-transversally
elliptic symbol ThomfG,[β](M) ∈ KG(TGU
G,β
) introduced in Definition 6.4. Here
we choose UG,β diffeomorphic to an open subset of N of the form V := {n = (x, v) ∈
N , x ∈ U and |v| < ε}, where U is a neighbourhood of (f
G
|Mβ )−1(β) in Mβ. The
moment map f
G
, the vector field HG , and ThomfG,[β](M) are transported by this
diffeomorphism to V (we keep the same symbol for these elements).
We define now the homogeneous vector field H˜G on N by
H˜Gn :=
(
f
G
(p(n))
)
N
(n), n ∈ N .(6.57)
Using the isomorphism TN→˜p∗(TMβ ⊕N ) (see (5.35)) the manifold N is en-
dowed with the almost complex structure J˜ := p∗(Jβ⊕JN ). With the data (J˜ , H˜G),
we construct the following G-transversally elliptic symbol over N :
ThomfG,[β](N )(n,w) := ThomG(N , J˜)(n,w − H˜
G
n ), for (n,w) ∈ TN .(6.58)
Let us now verify that
ThomfG,[β](M) = Thom
f
G,[β](N ) in KG(TGV) .
The invariance of the Thom class after the modification of the almost complex
structure is carried out in Lemma 5.9 : the class of ThomfG,[β](M) is equal in
KG(TGV) to the class of the symbol
σ1(n,w) := ThomG(N , J˜)(n,w −HGn ), (n,w) ∈ TV .
Using now the family of vectors field HGt (n) :=
(
f
G
(x, t.v)
)
V
(n), t ∈ [0, 1],
n = (x, v) ∈ V , we construct the homotopy
σt(n,w) := ThomH(N , J˜)(n,w −HGt (n)), (n,w) ∈ TV
of G-transversally elliptic symbol between σ1 and Thom
f
G,[β](N ) (one easily verifies
that Char(σt) ∩ TGV = CGβ for every t ∈ [0, 1]). Finally, we have shown that
ThomfG,[β](N ) = ThomfG,[β](M) in KG(TGV), thus
RR
G
β (E) = Index
G
N
(
ThomfG,[β](N )⊗ p∗(E|Mβ )
)
for every E ∈ KG(M).
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Now we proceed as follows. For every (n,w) ∈ TV , the Clifford action
ThomfG,[β](N )(n,w) = Cln(w − H˜
G
n ) on ∧•CTnV is equal to the exterior product
Clx(w1 − [H˜Gn ]1)⊙ Clx(w2 − [H˜
G
n ]2)(6.59)
acting on ∧•
C
TxM
β⊗∧•
C
N|x, where x = p(n). Here w → w1, TnV → TxMβ is the
tangent map Tp|n, and w → w2 = [w]V , TnV → N|x is the ‘vertical’ map. We see
that [H˜Gn ]1 = H
G
x is the vector field on M
β generated by the moment map f
G
|Mβ
(see Definition 6.2).
Suppose that the exterior product (6.59) can be modified in
Clx(w1 −HGx )⊙ Clx(w2 − βN |n),(6.60)
without changing the K-theoretic class. This will prove a modified version of (5.39)
in KG×Tβ×U (TG×Tβ×U (R×N)) :
π∗NThom
f
G,[β](N ) = π∗ThomfG,[β](Mβ)⊙ ThomβTβ×U (N) ,(6.61)
where πN : R × N → R ×U N = N , π : R → R/U = Mβ are the quotient maps
relative to the free U -action, and ⊙ is the product
KG×U (TG×UR)×KTβ×U (TTβN) −→ KG×Tβ×U (TG×Tβ×U (R×N)).(6.62)
The symbols ThomfG,[β](N ), ThomfG,[β](Mβ) and ThomβTβ×U (N) belong respec-
tively to KG×Tβ(TG×Tβ (R ×U N)), KG(TG(R/U)), and KTβ×U (TTβ×UN). The
Proposition 6.14 follows after taking the index, and the U -invariants, in (6.61).
Finally we explain why the change of [H˜Gn ]2 in βN |n can be done in (6.59) without
changing the class of ThomfG,[β](N ).
Let µN : g → Γ(Mβ,End(N )) be the ‘moment’ relative to the choice of a
connection on N →Mβ (see Definition 7.5 in [10]). Then, for every X ∈ g we have
[XN (x, v)]
V = −µN (X)|x.v, (x, v) ∈ N
(see Proposition 7.6 in [10]). When X = β, the vector field βN is vertical, hence we
have µN (β)|x.v = LN (β)|x.v = −βN (x, v), where LN (β) is the infinitesimal action
of β on the fiber of N → Mβ . We have also [H˜Gn ]2 = −µN (fG(x))|x.v, for every
n = (x, v) ∈ N .
Note that the quadratic form v ∈ Nx → |LN (β)|x.v|2 is positive definite for
x ∈Mβ . Hence, for every X ∈ g close enough to β, the quadratic form v ∈ Nx →
(µN (β)|x.v, µN (X)|x.v) is positive definite for x ∈Mβ .
Consider now the homotopy
σt(n,w) := Clx(w1−HGx )⊙Clx(w2−t.[H˜
G
n ]2−(1−t).βN |n), (n, v) ∈ V t ∈ [0, 1].
We see that (n,w) ∈ Char(σt) ∩TGV if and only if
i) w1 = HGx , w2 = t[H˜
G
n ]2 + (1− t)βN (n), and
ii) (w1, XMβ (x)) + (w2, [XN (x, v)]
V ) = 0 for all X ∈ g.
Take now X = f
G
(x) in ii). Using i), we get∣∣∣HGx ∣∣∣2 + t. ∣∣µN (fG(x))|x.v∣∣2 + (1− t).Σ(x, v) = 0 ,(6.63)
with Σ(x, v) := (µN (β)|x.v, µN (fG(x))|x.v).
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If x ∈Mβ is sufficiently close to (f
G
|Mβ )−1(β) , the term Σ(x, v) is positive for
all v ∈ Nx. In this case, (6.63) gives HGx = 0 and Σ(x, v) = 0, which insures that
x ∈ CGβ and v = 0.
We have proved that Char(σt) ∩ TGV = CGβ for every t ∈ [0, 1] if V is ‘small’
enough. Hence σt is an homotopy of G-transversally elliptic symbols over TV
between the exterior products (6.59) and (6.60). ✷
6.4. Induction formula. This section is concerned by an induction formula which
compare the map RR
G
β (M,−) with the similar localized Riemann-Roch characters
defined for the maximal torus, and the stabilizer Gβ . The idea of this induction
comes from a previous paper of the author [32] where a similar induction formula
in the context of equivariant cohomology was proved.
Consider the restriction f
H
: M → h of the moment map f
G
to the maximal
torus H . In this situation we use the vector field HH |m = fH (m)M |m,m ∈ M to
decompose the map RR
H
(M,−) : KH(M)→ R(H) near the set CfH = {HH = 0}.
From Lemma 6.3 there exists a finite subset B
H
⊂ h, such that CfH = ⋃β∈B
H
C
H
β ,
with C
H
β =M
β ∩f−1
H
(β). As in Definition 6.5, we define for every β ∈ B
H
, the map
RR
H
β (M,−) : KH(M)→ R−∞(H) which is the Riemann-Roch character localized
near C
H
β .
Let W be the Weyl group of (G,H). Note that B
H
is a W -stable subset of h,
and that BG ⊂ BH ∩ h+.
Theorem 6.16. We have, for every β ∈ B
G
, the following induction formula be-
tween RR
G
β (M,−) and RR
H
β (M,−). For every E ∈ KG(M), we have18
RR
G
β (M,E) =
1
|Wβ |Hol
G
H
(
RR
H
β (M,E) ∧•C g/h
)
=
1
|Wβ |
∑
w∈W
Hol
G
H
(
w.RR
H
β (M,E)
)
=
∑
β′∈W.β
Hol
G
H
(
RR
H
β′(M,E)
)
where Wβ is the stabilizer of β in W .
We can use the previous induction formula between G and H index maps to pro-
duce an induction formula between G and Gβ index maps. Consider the restriction
f
Gβ
:M → gβ of the moment map to the stabiliser Gβ of β in G. Let RRGββ (M,−)
be the Riemann-Roch character localized near C
Gβ
β =M
β ∩ f−1
G
(β)19.
Corollary 6.17. For every β ∈ B
G
and every E ∈ KG(M), we have
RR
G
β (M,E) = Hol
G
Gβ
(
RR
Gβ
β (M,E) ∧•C g/gβ
)
in R−∞(G) .
Proof of the Corollary : It comes immediately by applying the induction formula
of Theorem 6.16 to the couples (G,H) and (Gβ , H).
18See Equations (9.85) and (9.87) in Appendix B for the definition of the holomorphic induction
maps Hol
G
H
and Hol
G
Gβ
.
19Note that Mβ ∩ f−1
Gβ
(β) = Mβ ∩ f−1
G
(β) because fGβ
= fG on M
β .
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Corollary 6.18. Let E be a f
G
-strictly positive complex vector bundle over M (see
Def. 1.2). We have [RR
G
β (M,E
k
⊗)]G = 0, if k.η
E,β
> 〈θ, β〉. Here θ = ∑α>0 α is
the sum of the positive roots of G, and η
E,β
is the strictly positive constant defined
in Definition 1.2.
Proof of Corollary 6.18 :
Let us first write the decomposition20 RR
Gβ
β (M,E
k
⊗) =
∑
λ∈Λ+
β
mλ,β(E
k
⊗)χ
Gβ
λ
, in
irreducible character of Gβ . We know from (6.56) thatmλ,β(E
k
⊗) 6= 0 =⇒ 〈λ, β〉 ≥
k.η
E,β
. Each irreducible character χ
Gβ
λ
is equal to Hol
Gβ
H
(hλ), so from Corollary
6.17 we have RR
G
β (M,E
k
⊗) = Hol
G
H
(
(
∑
λmλ,β(E
k
⊗)hλ)Πα∈∆(g/gβ)(1−h−α)
)
where
∆(g/gβ) is the set of H-weight on g/gβ
21. Finally , we see that RR
G
β (M,E
k
⊗) is a
sum of terms of the form mλ,β(E
k
⊗)Hol
G
H
(hλ−αI ) where αI =
∑
α∈I α and I is a
subset of ∆(g/gβ).
We know from Appendix B that Hol
G
H
(hλ
′
) is either 0 or the character of an
irreducible representation; in particular Hol
G
H
(hλ
′
) is equal to ±1 only if 〈λ′, X〉 ≤ 0
for every X ∈ h+ (see Remark 9.3). So [RRGβ (M,E
k
⊗)]G 6= 0 only if there exists
a weight λ such that mλ,β(E
k
⊗) 6= 0 and HolG
H
(hλ−αI ) = ±1. The first condition
imposes 〈λ, β〉 ≥ k.η
E,β
and the second gives 〈λ, β〉 ≤ 〈αI , β〉, and combining the
two we end with k.η
E,β
≤ 〈αI , β〉 ≤
∑
α∈∆(g/gβ)
〈α, β〉 = 〈θ, β〉. We have proved
that [RR
G
β (M,E
k
⊗)]G = 0 if k.η
E,β
> 〈θ, β〉. ✷
Proof of Theorem 6.16 :
The first two equalities of the Theorem can be deduced from the third one,
that is RR
G
β (M,E) =
∑
β′∈W.β Hol
G
H
(
RR
H
β′(M,E)
)
. First, it is easy to see that
RR
H
w.β(M,E) = w.RR
H
β (M,E) for every w ∈ W and β ∈ BH . After, the relation
Hol
G
H
(φ ∧•
C
g/h) =
∑
w∈W Hol
G
H
(w.φ), which is true for every φ ∈ R−∞(H) (see
Remark 9.2), gives the first equality of the Theorem.
The mapRR
G
β (M,−) is defined through the symbol ThomfG,[β](M) ∈ KG(TGU
G,β
)
where i
G,β
: UG,β → M is any G-invariant neighbourhood of CGβ such that UG,β ∩
CfG = C
G
β (see Definition 6.4). We define in the same way the localized Thom
complex ThomfH,[β](M) ∈ KH(THU
H,β
).
For notational convenience, we will note in the same way the direct image of
ThomfG,[β](M) (resp. Thom
f
H,[β](M)) in KG(TGM) (resp. KH(THM)) via i
G,β
∗ :
KG(TGUG,β )→ KG(TGM) (resp. iH,β∗ : KH(THU
H,β
)→ KH(THM)).
Then we have RR
G
β (M,E) = Index
G
M (Thom
f
G,[β](M) ⊗ E) for E ∈ KG(M).
The Weyl group acts on KH(THM) and we remark that w.Thom
f
H,[β](M) =
20We choose a set Λ∗
+,β of dominant weight for Gβ that contains the set Λ
∗
+
of dominant
weight for G.
21The complex structure on g/gβ is defined by β, so that 〈α, β〉 > 0 for all α ∈ ∆(g/gβ).
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ThomfH,[w.β](M) for every β ∈ BH , and w ∈ W . After taking the index we see
that RR
H
w.β(M,E) = w.RR
H
β (M,E) for every G-vector bundle E.
Consider the map rγ
G,H
: KG(TGM) → KH(THM) defined with γ ∈ h in the
interior of the Weyl chamber, so that Gγ = H (see subsection 3.5). The third
equality of the Theorem is an immediate consequence of the next Lemma.
Lemma 6.19. We have
rγ
G,H
(
ThomfG,[β](M)
)
=
∑
β′∈W.β
ThomfH,[β′](M)⊗ ∧•Cg/h in KH(THM) .
Proof of Lemma 6.19 :
Consider a G-invariant open neighbourhood UG,β of CGβ such that UG,β ∩CfG =
C
G
β . We know from Proposition 3.7 that the class r
γ
G,H
(ThomfG,[β](M)) is repre-
sented by the restriction to TUG,β of the symbol
σI(m, v) = Clm(v −HGm)⊙ Cl(µG/H (v)), (m, v) ∈ TM .
Here µ
G/H
: TM → g/h is the g/h part of the Hamiltonian moment map µ
G
:
TM → g. Let f
G/H
: M → g/h (resp. f
H
: M → h) be the g/h-part (resp. the
h-part) of the moment map f
G
. We will use in our proof the relation
(µ
G/H
(HG), f
G/H
)
g
= ||HG ||2
M
− (HG ,HH )M .(6.64)
Consider the family of H-equivariant symbols σθ, θ ∈ [0, 1] defined on TM by
σθ(m, v) = Clm(v −HGm)⊙ Cl
(
θµ
G/H
(v) + (1 − θ)f
G/H
(m)
)
, (m, v) ∈ TM .
We see that (m, v) ∈ Char(σθ)⇐⇒ v = HGm and θµG/H (H
G
m)+(1−θ)fG/H (m) = 0.
Combining (6.64) with the fact that the vector field HH belongs to the H-orbits,
we see that Char(σθ)∩THM ⊂ {HG = 0}, for every θ ∈ [0, 1]. By this way we have
proved that σI |UG,β is homotopic to the H-transversally elliptic symbol σII |UG,β
where
σII(m, v) = Clm(v −HGm)⊙ Cl(fG/H (m)), (m, v) ∈ TM .
We transform now σII via the following homotopy of H-transversally elliptic sym-
bols
σu(m, v) := Clm(v −HHm − u.H
G/H
m )⊙ Cl(fG/H (m)), (m, v) ∈ TM ,
for u ∈ [0, 1]. Here Char(σu) ∩THM = {HG = 0} ∩ {fG/H = 0} for all u ∈ [0, 1],
hence σII |UG,β is homotopic to the H-transversally elliptic symbol σIII |UG,β where
σIII(m, v) = Clm(v −HHm)⊙ Cl(fG/H (m)), (m, v) ∈ TM .
At this stage we have proved that σI |UG,β = σIII |UG,β in KH(THU
G,β
). Note that
Char(σIII |UG,β ) ∩THU
G,β
= G.(Mβ ∩ f−1
G
(β))
⋂
{f
G/H
= 0}
= W.(Mβ ∩ f−1
G
(β)) ,
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because G.β ∩ h = W.β. Let i : UG,β →֒ U be a H-invariant neighbourhood of
W.(Mβ ∩f−1
H
(β)) such that U ∩{HH = 0} =W.(Mβ ∩f−1
H
(β)). The symbol σIII |U
is H-transversally elliptic and
i∗(σIII |U ) = σIII |UG,β = σI |UG,β in KH(THU
G,β
) .(6.65)
As in the proof of Proposition 4.1, (6.65) is an immediate consequence of the excision
property.
The symbol (m, v) → Clm(v − HHm) is H-transversally elliptic on TU , and
equal (by definition) to
∑
β′∈W.β Thom
f
H,[β′](M). Hence σIII |U is homotopic, in
KH(THU), to (m, v) → Clx(v − HHm) ⊙ 0g/h, where 0g/h is the zero map from
∧even
C
g/h to ∧odd
C
g/h. Finally we have shown that σIII |U =
∑
β′∈W.β Thom
f
H,[β′](M)⊗
∧•
C
g/h in KH(THU), and then (6.65) finishes the proof. ✷
7. The Hamiltonian case
In this section, we assume that (M,ω) is a compact symplectic manifold with
a Hamiltonian action of a compact connected Lie group G. The corresponding
moment map µ
G
:M → g∗ is defined by
d〈µ
G
, X〉 = −ω(XM ,−), ∀ X ∈ g.(7.66)
The symplectic 2-form ω insures the existence of a G-invariant almost complex
structure J compatible with ω, i.e, such that :
(v, w)→ ωx(v, Jxw), v, w ∈ TxM
is symmetric and positive definite for all x ∈ M . We fix once and for all a G-
invariant compatible almost complex structure J , and we denote by (−,−)
M
:=
ω(−, J−) the corresponding Riemannian metric. Let RRG(M,−) be the quan-
tization map defined with the compatible almost complex structures J . Since two
compatible almost complex structure are homotopic [27], the map RR
G
(M,−) does
not depend of this choice (see Lemma 2.2).
Here the vector fieldHG is the Hamiltonian vector field of the function22 −12 ||µG ||2 :
M → R, and {HG = 0} is the set of critical points of ||µ
G
||2. We know from the be-
ginning of section 6 that we have the decomposition RR
G
(M,−) =∑
β∈BG
RR
G
β (M,−), where RR
G
β (M,−) : KG(M)→ R−∞(G) is the Riemann-Roch
character localized near the critical set C
G
β = G(M
β ∩ µ−1
G
(β)). In this section we
prove the following Theorem for the µ
G
-positive vector bundles (see Def. 1.2).
Theorem 7.1. Let E → M be a G-equivariant vector bundle over M . For all
β ∈ B
G
−{0}, the G-invariant part of RRGβ (M,E) is equal to 0 if E is µG-positive
and µ−1
G
(0) 6= ∅, or if E is µ
G
-strictly positive. If 0 is a regular value of µ
G
, the
G-invariant part of RR
G
0 (M,E) is equal to RR(Mred, Ered).
In subsection 7.4, we consider the general case where 0 is not necessarily a
regular value of µG , and E = L a moment bundle for µG (see Def. 1.1). With our
K-theoritic approach we recover the following
22Equality 7.66 gives −1
2
d||µG ||
2 = ω(H
G
,−)
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Theorem 7.2 (Meinrenken-Sjamaar). Let L → M be a µ
G
-moment bundle, and
let τ be the principal face of M . The G-invariant part of RR
G
(M,L) is equal
to RR(Ma, La) for every generic value of τ ∩ µG(M) sufficiently close to 0 (see
subsection 7.4 for the notations).
7.1. The map RR
G
0 . We assume that 0 is a regular value of µG . The orbifold
space Mred := µ−1G (0)/G inherits a symplectic structure ωred. Let D(X) =
−dµ
G
(J(XM )) be the endomorphism of the trivial bundle µ
−1
G
(0) × g defined in
(6.49). The compatibility of J with ω gives
(D(X), X) = ω(XM , J(XM ))M =‖ XM ‖2 ,
thus decomposition (6.48) holds. A small check shows that the induced almost
complex structure Jred on Mred is compatible with ωred. Moreover t 7→ tD + (1−
t)Id is an homotopy of invertible maps between D and the identity, hence the line
bundle LD → Mred defined in (6.51) is trivial. The map RRG0 is determined by
the Proposition 6.12 ; in particular[
RR
G
0 (M,E)
]G
= RRJred(Mred, Ered) ,
for any E ∈ KG(M).
7.2. The map RR
G
β when Gβ = G. When β ∈ BG − {0} is in the center of g,
we proved in Corollary 6.15, that the G-invariant part of RR
G
β (M,E) is equal to 0
when E is µ
G
-strictly positive. In the Hamiltonian case we extend this result for
the µ
G
-positive bundles.
Lemma 7.3. Let (X , ω) be a connected symplectic manifold with a G-action, and
a proper moment map µ : X → g. Let J be a G-invariant almost complex structure
on X compatible with ω. Let β be a G-invariant element in a Weyl chamber h+
of the Lie group G, such that X β ∩ µ−1(β) 6= ∅. Let N+,β be the polarized normal
bundle of X β in X (see Def. 5.5 and Theorem 5.8).
If N+,β = 0, we have
µ(X ) ∩ h+ ⊂ {X ∈ h+, (X, β) ≥‖ β ‖2 } ,
implying in particular that ‖ β ‖2 is the minimal value of ‖ µ ‖2 on X .
Proof of the Lemma : Let Z be a connected component of X β which intersects
µ−1(β), and consider the set of weights {αi, i ∈ I} for the action of Tβ on the
fibers of the vector bundle N → Z. We have then the following description of the
function (µ, β) in the neighbourhood of Z. For v ∈ Nx, with the decomposition
v = ⊕ivi, we have for |v| small enough (µ, β)(x,v) = |β|2 − 12
∑
i∈I〈αi, β〉|vi|2. If
〈αi, β〉 < 0 for every i ∈ I, we have
(µ, β) ≥‖ β ‖2 in a neighbourhood V of Z.(7.67)
As µ−1(β) is connected and intersect Z, the last inequality imposes µ−1(β) ⊂ Z.
Take X ∈ µ(X )∩ h+, and consider K := µ−1([X, β]). From the convexity Theorem
[2, 16, 23, 26], the set K is connected. Then V ∩ K contains, but is not equal to
µ−1(β) : there exists m ∈ V ∩K with µ(m) ∈ [X, β). So µ(m) = β+ t(X − β) with
t > 0, and (µ(m), β) ≥‖ β ‖2. This two conditions imply that (X, β) ≥‖ β ‖2. ✷
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Lemma 7.4. Let β ∈ B
G
− {0} be a G-invariant element such that ‖ β ‖2 is not
the minimal value of ‖ µ
G
‖2 on M . Then for every µ
G
-positive vector bundle E
over M we have the decomposition RR
G
β (M,E) =
∑
λmβ,λ(E)χ
G
λ
in irreducible
characters with
mβ,λ(E) 6= 0 =⇒ 〈λ, β〉 > 0 .
In particular, if µ−1
G
(0) is not empty, the G-invariant part of RR
G
β (M,E) is equal to
0 for every G-invariant β ∈ B
G
−{0}. The result remains when M is non-compact,
and the moment map µ
G
is proper.
Proof : Recall the localization formula on Mβ obtained in Proposition 6.14. For
every complex G-vector bundle E over M , we have the following equality in R̂(G)
RR
G
β (M,E) = (−1)rN
∑
k∈N
RR
G
β (M
β , E|Mβ ⊗ detN+,β ⊗ Sk((N ⊗ C)+,β) .
(7.68)
Suppose that M is non-compact and that the moment map µ
G
is proper as a
map from a G-invariant open neighborhood of µ−1
G
(β) in M to a G-invariant open
neighborhood of β in g. Each terms of (7.68) are well defined and the equality
remains valid in this case (It is not difficult to extend the proof given in subsection
6.3 to this situation).
If ‖ β ‖2 is not the minimal value of ‖ µ
G
‖2, we know from Lemma 7.3, that
the vector bundle N+,β is not trivial over each connected component Z of Mβ
that intersects µ−1(β). Then every Tβ-weight a on the fibers of the complex vector
bundle E|Z ⊗ detN+,β ⊗ Sk((N ⊗ C)+,β satisfies 〈a, β〉 > 0. Lemma 9.4 and
Corollary 9.5, applied to this situation, show that RR
G
β (M,E) =
∑
λmβ,λ(E)χ
G
λ
with mβ,λ(E) 6= 0 only if 〈λ, β〉 > 0. ✷
7.3. The map RR
G
β when Gβ 6= G. Let σ be the unique open face of h+ which
contains β. The stabilizer subgroup Gξ does not depend on the choice of ξ ∈ σ,
and is denoted by Gσ. Let gσ be the Lie algebra of Gσ, and let Uσ the Gσ-invariant
open subset of gσ defined by Uσ = Gσ · {y ∈ h+|Gy ⊂ Gσ}.
The symplectic cross-section Theorem [18, 26] asserts that the pre-image Yσ =
µ−1
G
(Uσ) is a symplectic submanifold of M provided with a Hamiltonian action
of Gσ. We denote by ωσ the symplectic 2-form on Yσ, and µσ : Yσ → gσ the
moment map. Let Jσ be a Gσ-invariant almost complex structure on Yσ, which
is compatible with ωσ. The vector field Hσ on Yσ generated by µσ vanishes on
Cσβ := µ
−1
σ (β) ∩ (Yσ)β = µ−1G (β) ∩Mβ (see Definition 6.2). We denote by23
RR
Gσ
β (Yσ,−) : K˜Gσ(Yσ)→ R−∞(Gσ)
the Riemann-Roch character on Yσ localized near the compact subset Cσβ by the
vector filed Hσ. It is well defined even since µσ is a proper map (see Definition
6.5).
Theorem 7.5. For every E ∈ KG(M), we have
RR
G
β (M,E) = Hol
G
Gσ
(
RR
Gσ
β (Yσ , E|Yσ )
)
in R−∞(G) ,
23 For a non-compact G-manifold X , we denote by K˜G(X ) the equivariant K-theory of X with
non-compact support.
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Corollary 7.6. Let β ∈ B
G
with Gβ 6= G. If µ−1G (0) 6= ∅, we have [RR
G
β (M,E)]
G =
0, for every µ
G
-positive vector bundle E →M . In general, [RRGβ (M,E)]G = 0, for
every µ
G
-strictly positive vector bundle E.
Proof of the Corollary : The moment map µσ is proper as a map from a Gσ-
invariant open neighborhood of µ−1σ (β) in Yσ to a Gσ-invariant open neighborhood
of β in gσ. If 0 ∈ µG(M) we see that tβ ∈ µσ(Yσ) for any 0 < t < 1, hence ‖ β ‖2
is not the minimal value of ‖ µσ ‖2.
Proposition 7.4 can be used for the map RR
Gσ
β (Yσ,−). For any µG-positive
vector bundle E, we have RR
Gσ
β (Yσ , E|Yσ ) =
∑
λmβ,λ(E)χ
Gσ
λ
with mβ,λ(E) 6=
0 only if 〈λ, β〉 > 0 (the same holds when 0 /∈ µG(M) and E is µG-strictly
positive). With the induction formula of Theorem 7.5 we get24 RR
G
β (M,E) =∑
λmβ,λ(E)Hol
G
H
(hλ). But Hol
G
H
(hλ) = ±1 only if 〈λ,X〉 ≤ 0 for every X in the
Weyl chamber (see Remark 9.3). This shows
Hol
G
H
(hλ) = ±1 =⇒ 〈λ, β〉 ≤ 0 =⇒ mβ,λ(E) = 0 .
We have then proved that [RR
G
β (M,E)]
G = 0. ✷
Proofs of Theorem 7.5 :
We propose here two different proofs for this induction formula. Both of them
use the same technical remark.
The set G · Yσ ∼= G ×Gσ Yσ is a G-invariant open neighborhood of the critical
set C
G
β in M . The symplectic form ω, when restricted to G×Gσ Yσ, can be written
in terms of the moment map µσ and the symplectic form ωσ:
ω[g,y](X + v, Y + w) = −(µσ(y), [X,Y ]) + ωσ|y(v, w) ,(7.69)
where X,Y ∈ g/gβ, and v, w ∈ TyYσ25. With the complex structure JG/Gσ on
G/Gσ determined by β, we form the almost complex structure J˜ := JG/Gσ ×Jσ on
G ×Gσ Yσ. Equation (7.69) shows that J˜ is compatible with ω in a neighborhood
of C
G
β , hence J˜ is homotopic to J in a neighborhood of C
G
β in G×Gσ Yσ.
Remark 7.7. The almost complex structures J and J˜ are homotopic in a neigh-
borhood of C
G
β , so as in Lemma 2.2 we see that the computation of the localized
Riemann-Roch character RR
G
β (M,E) can be done with J˜ instead of J .
First proof of Theorem 7.5 : We will show here that Theorem 7.5 is a
consequence of the induction formula proved in Theorem 6.16 and of the localization
formula obtained in Proposition 6.14. The induction of Corollary 6.17 shows that
RR
G
β (M,E) = Hol
G
Gσ
(RR
Gσ
β (M,E) ∧• g/gσ). So we have to prove the following
equality
RR
Gσ
β (Yσ , E|Yσ ) = RR
Gσ
β (M,E) ∧• g/gσ .(7.70)
24Hol
G
Gσ
(χGσλ ) = Hol
G
H
(hλ) since χGσλ = Hol
Gσ
H
(hλ).
25We use here the identification T(G×Gσ Yσ)
∼= G×Gσ (g/gσ ⊕TYσ) (see (4)).
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First we use the localization formula on both sides of the equality. For the map
RR
Gσ
β (M,−) this gives
RR
Gσ
β (M,E) = RR
Gσ×Tβ
β
(
Mβ , E|Mβ ⊗
[∧•CN ]−1β ) ,(7.71)
and for RR
Gσ
β (Yσ ,−) we have
RR
Gσ
β (Yσ, E|Yσ ) = RR
Gσ×Tβ
β
(
(Yσ)β , E|(Yσ)β ⊗
[∧•CN ′ ]−1β ) .(7.72)
Here N and N ′ are respectively the normal bundle of Mβ in M , and the normal
bundle of (Yσ)β in Yσ. The complex structures on the fibers of N and N ′ are
induced respectively by the almost complex structure J˜ , and by the almost complex
structure Jσ (see Remark 7.7).
Now we remark that (Yσ)β is an open neighborhood ofMβ∩µ−1G (β) inMβ , thus
we have RR
Gσ
β (M
β, F ) = RR
Gσ
β ((Yσ)β , F |(Yσ)β ) for any equivariant vector bundle
F . So (7.71) and (7.72) shows us that (7.70) is equivalent to the following
RR
Gσ×Tβ
β
(
(Yσ)β , E|(Yσ)β ⊗
[∧•CN ]−1β ⊗ [∧•g/gσ ]) =(7.73)
RR
Gσ×Tβ
β
(
(Yσ)β , E|(Yσ)β ⊗
[∧•CN ′ ]−1β ) ,
where
[
∧•g/gσ
]
is the trivial bundle ∧•g/gσ × (Yσ)β → (Yσ)β .
To finish the proof, we notice that the normal bundle N →Mβ, when restricted
to (Yσ)β , can be decomposed as N|(Yσ)β = N ′⊕ [g/gσ]. Here [g/gσ]→ (Yσ)β is the
trivial complex vector bundle defined by [g/gσ]m = {X(Yσ)β |m, X ∈ g/gσ} for any
m ∈ (Yσ)β . This decomposition gives first the equality ∧•CN = ∧•CN ′ ⊗ [∧•Cg/gσ ]
and after26
[∧•
C
N ]−1
β
=
[∧•
C
N ′ ]−1
β
⊗
[
∧•
C
g/gσ
]−1
β
, which implies
[∧•
C
N ]−1
β
⊗[
∧•
C
g/gσ
]
=
[∧•
C
N ′ ]−1
β
. (7.73) is then proved. ✷
Second proof of Theorem 7.5 : A G-invariant neighborhood UG,β of the
critical set C
G
β in M can be taken of the form U
G,β
= G ×Gσ U
σ,β
where Uσ,β
a relatively compact Gσ-invariant neighborhood of µ
−1
G
(β) ∩Mβ in Yσ such that
Uσ,β ∩ {Hσ = 0} = µ−1
G
(β) ∩Mβ.
The maps RR
G
β (M,−) and RR
Gσ
β (Yσ,−) are respectively defined by the localized
Thom symbols ThomµG,[β](M) ∈ KG(TGU
G,β
) and ThomµGσ,[β](Yσ) ∈ KGσ(TGσU
σ,β
)
(see Definition 6.4). The inclusion i : Gσ →֒ G induces an isomorphism i∗ :
KGσ(TGσU
σ,β
)→ KG(TG(G×Gσ U
σ,β
)) (see subsection 3.4).
Lemma 7.8. We have the following equality
i∗
(
ThomµGσ,[β](Yσ) ∧•C g/gσ
)
= ThomµG,[β](M) .
26The product of
[
∧•
C
N ′
]−1
β
and
[
∧•
C
g/gσ
]−1
β
is well defined in K˜Gσ ((Yσ)
β)⊗̂R(Tβ ) since
these elements are polarized by β: each of them is a sum over the set of weights of Tβ of the form∑
α Eαh
α such that Eα 6= 0 only if 〈α, β〉 ≥ 0, and for any δ′ > δ ≥ 0 the sum
∑
δ≤〈α,β〉≤δ′ Eαh
α
is finite (see definition 5.5).
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This Lemma, combined with Theorem 3.4, shows that RR
G
β (M,E) =
Ind
G
Gσ
(
RR
Gσ
β (Yσ, E|Yσ ) ∧•C g/gσ
)
= Hol
G
Gσ
(
RR
Gσ
β (Yσ , E|Yσ )
)
for any G-complex
vector bundle E →M . The proof of Theorem 7.5 is then completed. ✷
Proof of Lemma 7.8 :
Through the identificationT(G×GσU
σ,β
) ∼= G×Gσ (g/gσ⊕TU
σ,β
), the vector fiels
Hσ and HG satisfy the relation HG[g,y] ∼= Hσy , [g, y] ∈ U
G,β
. The symbol σ[g,y;X+v]
of ThomµG,[β](M) at [g, y;X + v] ∈ G×Gσ (g/gσ ⊕TU
σ,β
) acts on ∧•
J˜
T[g,y]UG,β ∼=
∧•g/gσ ⊗ ∧•JσTyU
σ,β
as the product
σ[g,y;X+v] = Cl(X)⊙ Cly(v −Hσy ) .
Now we see that [g, y;X+v]→ Cl(X)⊙Cly(v−Hσy ) is homotopic, asG-transversally
elliptic symbol, to σ˜ : [g, y;X+v]→ Cl(0)⊙Cly(v−Hσy ), and σ˜ is, by definition, the
image of ThomµGσ,[β](Yσ)∧•C g/gσ by i∗. The proof of Lemma 7.8 is then completed.
✷
7.4. The singular case. In this section, we do not assume that 0 is a regular value
of µ
G
, and we use the ‘shifting trick’ to compute [RR
G
(M,L)]G in term of reduced
manifolds of the type µ−1
G
(a)/Ga, for every µG-moment bundle L. We know from
Theorem 7.1 that [RR
G
(M,L)]G = 0 if 0 /∈ µG(M) since every moment bundle is
strictly positive (see Lemma 7.9). So, we assume for the rest of this section that
0 ∈ µ
G
(M).
Let Oa be the coadjoint orbit through a ∈ g∗. It has a canonical symplectic
2-form and the moment map Oa → g∗ for the G-action is the inclusion. We denote
by Oa the coadjoint orbit Oa with the opposite symplectic form. The product
M ×Oa is a symplectic manifold with a Hamiltonian moment map
µa :M ×Oa −→ g∗
(m, ξ) 7−→ µ
G
(m)− ξ .
On the symplectic manifoldM×Oa we have a quantization map RRG(M×Oa,−)
with the following property: for any G-vector bundles E and F over M and Oa
respectively, we have RR
G
(M×Oa, π∗a(E)⊗(π′a)∗(F )) = RR
G
(M,E) ·RRG(Oa, F )
in R(G). Here we denote by πa : M × Oa → M the projection to the first factor
and π′a the projection to the second factor. Since RR
G
(Oa,C) = 1 we have
RR
G
(M ×Oa, π∗a(L)) = RR
G
(M,L) .(7.74)
We can now compute [RR
G
(M,L)]G by localizing the character RR
G
(M ×
Oa, π∗a(L)) with the moment map µa. We need the following Lemma which was
proved by Tian-Zhang [36] for the prequantum line bundles.
Lemma 7.9. Let L be a µG-moment bundle over M . There exists ǫ > 0 such that
for any |a| < ǫ, the vector bundle π∗a(L) is µa-positive. For a = 0, the bundle
L = π∗0(L) is µG-strictly positive.
Let RR
G
0 (M ×Oa,−) be the Riemann-Roch character localized near µ−1a (0) ≃
µ−1
G
(Oa). Theorem 7.1, Equality 7.74, and Lemma 7.9 show that
[RR
G
(M,L)]G = [RR
G
0 (M ×Oa, π∗a(L))]G ,(7.75)
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for any moment bundle L if a ∈ µ
G
(M) is close enough to 0.
There exists a unique open face τ of the Weyl chamber h+ such that µG(M)∩ τ
is dense in µ
G
(M)∩ h+. The face τ is called the principal face of (M,µG) [26]. All
points in the open face τ have the same connected centralizer Gτ . Let Aτ be the
identity component of the center of Gτ and [Gτ , Gτ ] its semisimple part. Note that
we have an identification between the Lie algebra aτ of Aτ and the linear span of
the face τ . The Principal-cross-section Theorem [26] tells us that Yτ := µ
−1
G
(τ) is a
symplectic Gτ -manifold, with a trivial action of [Gτ , Gτ ]. So, the restriction of µG
on Yτ is a moment map µτ : Yτ → aτ for the Hamiltonian action of the torus Aτ .
We decompose the torus Aτ in a product of two subtorus Aτ = A
1
τ ×A2τ where A1τ
is the identity component of the principal stabilizer for the action of Aτ on Yτ .
We take now a with value in τ ∩ µ
G
(M). For generic values a ∈ τ ∩ µ
G
(M),
µ−1
G
(a) = µ−1τ (a) is a smooth manifold of M with a locally free action of A
2
τ , hence
the quotientMa := µ−1G (a)/Ga = µ−1τ (a)/(A2τ ) is a symplectic orbifold. We denote
by RR(Ma,−) the quantization map defined by the choice of a compatible almost
complex structure. If L is a µ
G
-moment bundle onM , L|Yτ is a µτ -moment bundle:
the action of A1τ [Gτ , Gτ ] on L|Yτ is trivial. Then the quotient L|µ−1τ (a)/Ga =
L|µ−1τ (a)/(A2τ ) is an orbifold line bundle over Ma for generic a.
We compare now the Riemann-Roch characterRR
Gτ
0 (Yτ ,−) localized near µ−1τ (a)
by the moment map µτ − a and the Riemann-Roch character RRG0 (M ×Oa,−) lo-
calized near µ−1a (0) = G · (µ−1τ (a)×{a}). All we need is contained in the following
Proposition 7.10. Let E be a G-vector bundle over M , and take a ∈ τ . We
have RR
G
0 (M × Oa, π∗aE) = Ind
G
Gτ
(
RR
Gτ
0 (Yτ , E|Yτ )
)
, in particular [RR
G
0 (M ×
Oa, π∗aE)]G = [RR
Gτ
0 (Yτ , E|Yτ )]Gτ .
If L is a µ
G
-moment bundle, the action of A1τ [Gτ , Gτ ] on L|Yτ is trivial, then
[RR
Gτ
0 (Yτ , L|Yτ )]Gτ = [RR
A2τ
0 (Yτ , L|Yτ )]A
2
τ . Finally, for every generic value a ∈
τ ∩ µG(M), the quotient La := L|µ−1τ (a)/A2τ is an orbifold line bundle over Ma, so
from subsection 7.1 we get [RR
A2τ
0 (Yτ , L|Yτ )]A
2
τ = RR(Ma, La).
With this last equality, Proposition 7.9, and equality (7.75) we have proved the
central result of this section
Proposition 7.11. Suppose that 0 ∈ µ
G
(M). If L is a µ
G
-moment bundle, there
exist ǫ > 0, such that
[RR
G
(M,L)]G = RR(Ma, La) ,
for every generic value a ∈ τ ∩ µ
G
(M) with |a| < ǫ.
7.4.1. Proof of Lemma 7.9. Let L be a µ
G
-moment bundle over M , where µ
G
:
M → g∗ is a Hamiltonian moment map. Recall that the Lie algebra g is identified
to g∗ trough an invariant scalar product (−,−). Let H be a maximal torus of G
with Lie algebra h.
Lemma 7.12. For β ∈ h and m ∈Mβ ∩µ−1
G
(γ), the weight α for the action of Tβ
on Lm satifies (α, β) = (γ, β).
Proof : Let N be the connected component of Mβ containing m, and let m′ be a
point of NH . Since N is connected, α is also the weight for the action of Tβ on Lm′ ,
and µG(m
′) is the weight for the action of H on Lm′ : then (α,X) = (µG(m
′), X)
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for every X ∈ Lie(Tβ). But the map x → (µG(x), β) is constant on N , then
(γ, β) = (µ
G
(m), β) = (µ
G
(m′), β) = (α, β). ✷
The element a is taken in h. The critical set of the function ||µa||2 :M×Oa → R
admits the following decomposition Cr(||µ
a
||2) = G · (Cr(||µ
a
||2) ∩ (M × {a})) =
G ·
( (
Cr(||µ
Ga
− a||2) ∩ µ−1
G
(ga)
) × {a}), where µ
Ga
: M → ga is the moment
map for the action of Ga. Let Ba the finite subset of h defined by Ba = {β ∈
h, Mβ ∩ µ−1
G
(β + a) 6= ∅}. Finally we have the decomposition
Cr(||µ
a
||2) =
⋃
β∈Ba
G · (Mβ ∩ µ−1
G
(β + a)× {a}) .
Using Lemma 7.12, we see that π∗aL is µa-positive if and only if
(β + a, β) ≥ 0 for every β ∈ Ba .(7.76)
We first see that it is trivially true if a = 0: in this case L is strictly positive.
Let µH : M → h be the moment map for the maximal torus H . Consider the
finite set BH,a which parametrizes the critical set of ||µH − a||2: BH,a = {β ∈
h, Mβ ∩µ−1
H
(β+a) 6= ∅}. We have obviously the inclusion Ba ⊂ BH,a, so it suffices
to show (7.76) for BH,a.
To finish our proof we use now a characterisation of the set BH,a we gave in [31].
There exists a finite collection B of affine subspaces of h such that
BH,a ⊂ {P∆(a)− a,∆ ∈ B}
for every a ∈ h. Here P∆ : h → h is the orthogonal projection on ∆. It is
now easy to compute the sign of (P∆(a), P∆(a) − a) for all ∆ ∈ B. A simple
computation gives (P∆(a), P∆(a)−a) = |P∆(0)|2− (a, P∆(0)). Hence, either 0 ∈ ∆
and then (P∆(a), P∆(a) − a) is equal to 0 for all a ∈ h , or 0 /∈ ∆ and then
(P∆(a), P∆(a)− a) > 0 if |a| < |P∆(0)|. We can take ǫ = inf0/∈∆ |P∆(0)| in Lemma
7.9. ✷
7.4.2. Proof of Proposition 7.10. Since the point a takes value in τ we identify
the coadjoint orbit Oa with G/Gτ . Let Ha be the Hamiltonian vector field of
the function 12 ‖ µa ‖2: M × G/Gτ → R. To simplify the notations, Yτ will
denote a small neighborhood of µ−1
G
(a) in the symplectic slice µ−1
G
(τ) such that
the open subset U := (G ×Gτ Yτ ) × G/Gτ is then a neighborhood of µ−1a (0) =
G · (µ−1τ (a) × {e¯}) which satisfies U ∩ {Ha = 0} = µ−1a (0). Following Definition
6.4, the localized Riemann-Roch character RR
G
0 (M × G/Gτ ,−) is computed by
means of the Thom class ThomµaG,[0](M ×G/Gτ ) ∈ KG(TGU). On the other hand,
the localized Riemann-Roch character RR
Gτ
0 (Yτ ,−) is computed by means of the
Thom class Thomµτ−aGτ ,[0](Yτ ) ∈ KGτ (TGτYτ ).
Proposition 7.10 will follow from a simple relation between ThomµaG,[0](M×G/Gτ )
and Thomµτ−aGτ ,[0](Yτ ).
First, one considers the isomorphism
φ : U → U ′(7.77)
([g; y], [h]) → [g; [g−1h], y] ,
with U ′ := G ×Gτ (G/Gτ × Yτ ), and let φ∗ : KG(TGU ′) → KG(TGU) be the
induced isomorphism. After one consider the inclusion i : Gτ →֒ G which induces
an isomorphism i∗ : KGτ (TGτ (G/Gτ×Yτ ))→ KG(TGU ′) (see subsection 3.4). Let
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j : Yτ →֒ G/Gτ × Yτ be the Gτ -invariant inclusion map defined by j(y) := (e¯, y).
We have then a pushforward map j! : KGτ (TGτYτ ) → KGτ (TGτ (G/Gτ × Yτ )).
Finally we have produced a map Θ := φ∗ ◦ i∗ ◦ j! from KGτ (TGτYτ ) to KG(TGU),
such that IndexGU (Θ(σ)) = Ind
G
Gτ
(IndexGτYτ (σ)) for every σ ∈ KGτ (TGτYτ ).
Proposition 7.10 is an immediate consequence of the following
Lemma 7.13. We have the equality
Θ
(
Thomµτ−aGτ ,[0](Yτ )
)
= ThomµaG,[0](M ×G/Gτ ) .
Proof : Let µ′a := µa ◦ φ−1 be the moment map on U ′, and let H
′,a be the
Hamiltonian vector field of ‖ µ′a ‖. For the tangent manifold TU ′ we have the
decomposition
TU ′ ≃ G×Gτ
(
g/gτ ⊕G×Gτ (g/gτ )⊕TYτ
)
.
A small computation gives H′,a(m) = prg/gτ (ha) + R(m) + Hτa(y) + S(m) for
m = [g; y, [h]] ∈ U ′, where R(m) ∈ g/gτ and S(m) ∈ TyYτ vanishes when m ∈
G ×Gτ ({e¯} × Yτ ), i.e. [h] = e¯. Here Hτa is the Hamiltonian vector field of the
function 12 ‖ µτ − a ‖2: Yτ → R.
The transversally elliptic symbol σ1 := (φ
−1)∗(ThomµaG,[0](M ×G/Gτ )) is equal
to the exterior product
σ1(m, ξ1 + ξ2 + v) = Cl(ξ1 − prg/gτ (ha))⊙ Cl(ξ2 −R(m))⊙ Cl(v −Hτa − S(m)) ,
with ξ1 ∈ g/gτ , ξ2 ∈ g/gτ , v ∈ TYτ .
Now we simplify the symbol σ1 whithout changing its K-theoretic class. Since
Char(σ1)∩TGU ′ = G×Gτ ({e¯}×Yτ ), we can transform σ1 through the Gτ -invariant
diffeomorphism h = eX from a neighborhood of 0 in g/gτ to a neighborhood of e¯
in G/Gτ . This gives σ2 ∈ KG(TG(G×Gτ (g/gτ × Yτ ))) defined by
σ2([g,X, y], ξ1 + ξ2 + v) =
Cl(ξ1 − prg/gτ (eXa))⊙ Cl(ξ2 −R(m))⊙ Cl(v −Hτa − S(m)) .
Now trivial homotopies link σ2 with the symbol σ3, where we have removed the
terms R(m) and S(m), and where we have replaced prg/gτ (e
Xa) = [X, a]+o([X, a])
by the term [X, a]:
σ3([g,X, y], ξ1 + ξ2 + v) = Cl(ξ1 − [X, a])⊙ Cl(ξ2)⊙ Cl(v −Hτa) .
Now, we get σ3 = i∗(σ4) where the symbol σ4 ∈ KGτ (TGτ (g/gτ × Yτ )) is defined
by
σ4(X, y; ξ2 + v) = Cl(−[X, a])⊙ Cl(ξ2)⊙ Cl(v −Hτa) .
So σ4 is equal to the exterior product of (y, v)→ Cl(v−Hτa), which is Thomµτ−aGτ ,[0](Yτ ),
with the transversally elliptic symbol on g/gτ : (X, ξ2)→ Cl(−[X, a])⊙Cl(ξ2). As
in Lemma 5.2, we see that the K-theoretic class of this former symbol is equal to
k!(C) where k : {0} →֒ g/gτ . This shows that
σ4 = k!(C)⊙ Thomµτ−aGτ ,[0](Yτ ) = j!(Thom
µτ−a
Gτ ,[0]
(Yτ )) .
✷
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8. Appendix A: G=SU(2)
We restrict our attention to an action of G = SU(2) on a compact manifold
M . We suppose that M is endowed with a G-invariant almost complex structure
J and an abstract moment map f : M → g. In this situation, the decomposition
RR
G
(M,−) =∑β∈B
G
RR
G
β (M,−) becomes simple.
Let S1 be the maximal torus of SU(2), and f
S1
: M → R the induced moment
map for the S1-action. The critical set {HG = 0} has a particularly simple ex-
pression: {HG = 0} = f−1(0) ∪ G.MS1+ , where MS
1
+ is the union of the connected
components F ⊂ MS1 with fS1(F ) > 0. Note that the critical set {HS
1
= 0} is
equal to f−1
S1
(0) ∪MS1 ,
The non-symplectic case
Here the induction formula of Theorem 6.16, and Proposition 6.14 gives
RR
G
(M,E) = RR
G
0 (M,E) + Hol
G
S1
(
Θ(E)(t).(1 − t−2)
)
(8.78)
where Θ(E) ∈ R−∞(S1) is determined by
Θ(E) = (−1)rN
∑
k∈N
RR
S1
(MS
1
+ , E|MS1
+
⊗ detN+ ⊗ Sk((N ⊗ C)+)) .(8.79)
Here N →MS1+ is the normal bundle of MS
1
+ in M .
The Hamiltonian case
Here we suppose that (M,ω) is a symplectic manifold, with moment map µ and
a ω-compatible almost complex structure J . Let Y = µ−1(R>0) be the symplectic
slice associated to the interior of the Weyl chamber R>0 ⊂ Lie(S1).
The induction formula of Theorem 7.5 gives
RR
G
(M,E) = RR
G
0 (M,E) + Hol
G
S1
(
Θ˜(E)
)
(8.80)
where Θ˜(E) ∈ R−∞(S1) is determined by
Θ˜(E) = (−1)rN˜
∑
k∈N
RR
S1
(MS
1
+ , E|MS1
+
⊗ det N˜+ ⊗ Sk((N˜ ⊗ C)+)) .(8.81)
Here N˜ →MS1+ is the normal bundle of MS
1
+ in Y.
Recall that the irreducible characters φn of G = SU(2) are labelled by Z≥0, and
are completely determined by the relation φn = Hol
G
S1
(tn) in R(G) (See Lemma
9.1). Hence the component Hol
G
S1
(
Θ(E)(t).(1 − t−2)
)
of (8.78) does not contain
the trivial character φ0 if Θ(E) =
∑
n∈Z ant
n with
an 6= 0 =⇒ n ≥ 3 .(8.82)
(8.79) tells us that (8.82) is satisfied if the weights for the action of S1 in the fibers
of the complex vector bundle E|
MS
1
+
⊗ detN+ are all bigger than 3.
The conditions are weaker in the ‘Hamiltonian’ situation. The term
Hol
G
S1
(Θ˜(E)) of (8.80) does not contain the trivial character φ0 if Θ˜(E) =
∑
n∈Z ant
n
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with
an 6= 0 =⇒ n ≥ 1 ,(8.83)
and this condition is fulfilled if the weights for the action of S1 in the fibers of the
complex vector bundle E|
MS
1
+
⊗det N˜+ are all bigger than 1. Here we have another
important difference: the vector bundle N˜+ →MS1+ is not equal to the zero bundle
if 0 ∈ µ(M) (see Lemma 7.3).
We see finally that, in the Hamiltonian case, the condition ‘E is µ-positive’
implies
0 ∈ µ(M) =⇒
[
RR
G
(M,E)
]G
=
[
RR
G
0 (M,E)
]G
.
9. Appendix B: Induction map and multiplicities
Let G be a compact connected Lie group, with maximal torus H , and h∗+ ⊂
h∗ = (g∗)H some choice of positive Weyl chamber. We denote by R+ the associated
system of positive roots, and we label the irreducible representations of G by the
set Λ∗+ = Λ
∗ ∩ h∗+ of dominant weights. For any weights α ∈ Λ∗ we denote by
H → C∗, h 7→ hα the corresponding character : (exp(X))α = eı〈α,X〉 for X ∈ h.
LetW be the Weyl group of (G,H), and L2(H) be the vector space of square inte-
grable complex functions on H . For f ∈ L2(H), we consider J(f)
=
∑
w∈W (−1)w w.f , where W → {1,−1}, w → (−1)w, is the signature opera-
tor and w.f ∈ L2(H) is defined by w.f(h) = f(w−1.h), h ∈ H (see Section 7.4
of [8]). The map 1|W |J is the orthogonal projection from L
2(H) to the space of
W -anti-invariant elements of L2(H).
Let ρ ∈ h∗ be the half sum of the positive roots. The function H → C∗, h 7→ hρ
is well defined as an element of L2(H) (even if ρ is not a weight). The Weyl’s
character formula can be written in the following way. For any dominant weight
λ ∈ Λ∗+, the restriction χGλ |H of the irreducible G-character χGλ satisfies
J(hρ).χG
λ
|H = J(hλ+ρ) in L2(H) .(9.84)
For our purpose we give an expression of the character χG
λ
through the induction
map Ind
G
H
: C−∞(H) → C−∞(G)G (see (3.20)). Consider the affine action of the
Weyl group on the set of weights : w ◦ λ = w.(λ + ρ)− ρ for w ∈ W and λ ∈ Λ∗.
Lemma 9.1. 1) For any dominant weight λ ∈ Λ∗+, the character χGλ is determined
by the relation χG
λ
= Ind
G
H
(
hλ
∏
α∈R+
(1 − hα)
)
in C−∞(G)G.
2) For λ ∈ Λ∗ and w ∈ W , we have IndG
H
(hw◦λΠα∈R+(1 − hα)) =
(−1)wIndG
H
(hλΠα∈R+(1− hα)).
3) For any weight λ, the following statements are equivalent :
a) Ind
G
H
(hλΠα∈R+(1− hα)) = 0,
b) W ◦ λ ∩ Λ∗+ = ∅,
c) The element λ+ ρ is not a regular element of h∗.
Proof of 1) :To prove it, we need the following relations proved in [8][section 7.4]
:
i) J(hρ) = h−ρ
∏
α∈R+
(1− hα), ii) J(hρ).J(hρ) =∏α∈R(1 − hα).
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Let dg and dt be respectively the normalized Haar measures on G and H . For
any f ∈ C∞(G)G we have∫
G
χG
λ
(g) f(g) dg =
1
|W |
∫
H
χG
λ
|H(h)Πα∈R(1− hα) f |H(h) dh [1]
=
1
|W |
∫
H
J(hλ+ρ)J(hρ) f |H(h) dh [2]
=
∫
H
hλ+ρ J(hρ) f |H(h) dh [3]
=
∫
H
hλΠα∈R+(1 − hα) f |H(h) dh . [4]
The first equality is the Weyl integration formula. The equality [2] comes from ii)
and (9.84). Since 1|W |J is the orthogonal projection on L
2(H)W−anti−invariant and
h 7→ J(hρ) f |H(h) is W -anti-invariant we obtain the third equality. The equality
[4] comes from i).
Proof of 2) : From i), wee see that hw◦λΠα∈R+(1 − hα) = hw(λ+ρ)J(hρ) =
(−1)w w−1.(hλ+ρJ(hρ)) = (−1)w w−1.(hλΠα∈R+(1 − hα)), hence the relation 2) is
proved since Ind
G
H
is W -invariant.
Proof of 3) : The implication a) =⇒ b) is an immediate consequence of 1)
and 2). Proposition 3 in section 7.4 of [8] tells us that {J(hλ′+ρ), λ′ ∈ Λ∗+}
is an orthogonal basis of the Hilbert space L2(H)W−anti−invariant . For λ ∈ Λ∗
and λ′ ∈ Λ∗+ we have < J(hλ+ρ), J(hλ
′+ρ) >L2= |W | < J(hλ+ρ), hλ′+ρ >L2=
|W |∑w∈W (−1)w ∫T tw◦λ−λ′dt. Thus, the condition W ◦ λ ∩ Λ∗+ = ∅ is equiv-
alent to J(hλ+ρ) = 0. But the equality [2] gives Ind
G
H
(hλΠα∈R+(1 − hα)) =
1
|W | Ind
G
H
(J(hλ+ρ)h−ρΠα∈R+(1 − hα)), hence J(hλ+ρ) = 0 implies the point a).
We have proved that b) =⇒ a). Finally we see that J(hλ+ρ) = 0 ⇐⇒ ∃w ∈
W,w.(λ + ρ) = λ+ ρ⇐⇒ λ+ ρ is not a regular value of h∗. We have proved that
b)⇐⇒ c). ✷
From the previous Lemma, we see that v 7→ IndG
H
(v(h)Πα∈R+ (1 − hα)) is the
holomorphic induction map
Hol
G
H
: R(H)→ R(G) .(9.85)
We keep the same notation for the extended map Hol
G
H
: R−∞(H) → R−∞(G).
Note that the choice of a positive Weyl chamber h∗+ determines a complex structure
on g/h, and Πα∈R+(1 − hα) is the trace of the virtual H-representation ∧•Cg/h ∈
R(H). Then the map Hol
G
H
will be defined simply by the relation Hol
G
H
(v) =
Ind
G
H
(v ∧•
C
g/h).
Remark 9.2. The relations i) and ii) used in the proof of the past lemma show
that
∑
w∈W w.
∏
α>0(1 − hα) =
∑
w∈W w.(J(h
ρ)hρ) = J(hρ).J(hρ) =
∏
α(1− hα).
In other words
∑
w∈W w. ∧•C g/h = (∧•Rg/h)⊗ C = ∧•Cg/h ∧•C g/h in R(H). These
equalities give
Ind
G
H
(
(
∑
w
w.φ) ∧•C g/h
)
= Ind
G
H
(φ ∧•R g/h)(9.86)
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since Ind
G
H
is W -invariant. The Weyl integration formula is usually state as the
relation f = 1|W | Ind
G
H
(f |H ∧•Rg/h) for any f ∈ C∞(G)G. But f |H isW -invariant, so
(9.86) gives 1|W | Ind
G
H
(f |H ∧•R g/h) = Ind
G
H
(f |H ∧•C g/h). Finally, for any φ ∈ R(G),
the Weyl integration formula is equivalent to the following equality in R(G):
φ = Hol
G
H
(φ|H).
Remark 9.3. A weight λ satisfies Hol
G
H
(hλ) = ±1 if and only if 0 ∈ W ◦ λ ∩ Λ∗+,
that is λ = −(ρ − w.ρ) for some w ∈ W . But a small computation shows that
ρ − w.ρ = ∑α>0,w−1.α<0 α, hence 〈ρ − w.ρ,X〉 ≥ 0 for any X ∈ h+. Finally the
equality Hol
G
H
(hλ) = ±1 implies that 〈λ,X〉 ≤ 0 for any X ∈ h+.
Consider now the stabiliser Gβ of the non-zero element β ∈ h+. The subgroup
H is also a maximal torus of Gβ . The Weyl group Wβ of (Gβ , H) is identified with
{w ∈ W, w.β = β}. We consider a Weyl chamber h∗+,β ⊂ h∗ for Gβ that contains
the Weyl chamber h∗+ of G. The irreducible representations χ
Gβ
λ , λ ∈ Λ∗+,β of Gβ
are labelled by the set Λ∗+,β = Λ
∗ ∩ h∗+,β of dominant weights.
We have a unique ‘holomorphic’ induction map Hol
G
Gβ
: R(Gβ) → R(G) such
that Hol
G
H
= Hol
G
Gβ
◦HolGβ
H
. This map is defined precisely by the equation27
Hol
G
Gβ
(v) = Ind
G
Gβ
(v ∧•C g/gβ) ,(9.87)
for every v ∈ R(Gβ).
We finish this appendix with some general remarks about P -transversally elliptic
symbols on a compact manifold M , when a subgroup T in the center of P acts
trivially on M .
More precisely, let H be a compact maximal torus in P , h+ be a choice of a
positive Weyl chamber in the Lie algebra h of H , and let β ∈ h+ be a non-zero
element in the center of the Lie algebra p of P 28. We suppose here that the subtorus
T ⊂ H , which is equal to the closure of {exp(t.β), t ∈ R} , acts trivially on M .
Every P -equivariant complex vector bundle E → M can be decomposed rel-
atively to the T-action: E = ⊕a∈TˆEa ⊗ Ca, where Ea := homT(E,C∗a)29 is a
P -complex vector bundle with a trivial action of T. Then, each P -equivariant
symbol σ : p∗(E1) → p∗(E2) where E1, E2 are P -equivariant complex vector bun-
dles over M , and where p : TM → M is the canonical projection, admits a finite
P × T-equivariant decomposition
σ =
∑
a∈Tˆ
σa ⊗ Ca.(9.88)
Here σa : p∗(Ea1 )→ p∗(Ea2 ) is a P -equivariant symbol, trivial for the T-action.
Let us consider the inclusion map i : T →֒ H , with the induced maps i : Lie(T)→
h at the level of Lie algebra and i∗ : h∗ → Lie(T)∗. Note that i∗(λ) is a weight for
T if λ is a weight for H .
27We take on g/gβ the complex structure defined by β.
28The Lie group P is supposed connected then β ∈ (p)P .
29The torus T acts on the complex line Ca with the representation t→ ta.
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Lemma 9.4. Let M be a P -manifold with the same properties as above. Let
σ : p∗(E1) → p∗(E2) be a P -equivariant transversally elliptic symbol over M
and denote by mλ(σ), λ ∈ Λ∗P,+, the multiplicities of its index : IndexPM (σ) =∑
λ∈Λ∗P,+
mλ(σ)χPλ . Then, if mλ(σ) 6= 0, the weight a = i∗(λ) occurs in the decom-
position (9.88).
Corollary 9.5. Suppose that the weights a ∈ Tˆ which occur in the decomposition
(9.88) satisfy 〈a, β〉 ≥ η for some fixed η ∈ R. Then, for the multiplicities, we get
mλ(σ) 6= 0 =⇒ 〈λ, β〉 ≥ η .
In particular, IndexPM (σ) does not contain the trivial representation when η > 0.
Remark 9.6. The previous Lemma and Corollary remain true ifM is a P -invariant
open subset of a compact P -manifold.
For the Corollary, we have just to notice that30 〈λ, β〉 = 〈a, β〉 for a = i∗(λ).
Then, if we have 〈a, β〉 ≥ η for all T-weights occurring in σ, we get 〈λ, β〉 ≥ η for
every λ such that mλ(σ) 6= 0.
Proof of Lemma 9.4: Let P ′ be a Lie subgroup of P such that r : T × P ′ →
P, r(t, g) = t.g, is a finite covering of P . The map r induces r∗ : KP (TPM) →
KT×P ′(TP ′M)
31 and an injective map r∗ : R−∞(P ) → R−∞(T × P ′), such that
IndexT×P
′
M (r
∗σ) = r∗(IndexPM (σ)).
The decomposition (9.88) can be read through the identificationKT×P ′(TP ′M) =
KP ′(TP ′M)⊗R(T): we have r∗σ =
∑
a∈Tˆ σ
a ⊗Ca with σa ∈ KP ′(TP ′M). Hence
IndexT×P
′
M (r
∗σ)(t, g) =
∑
a∈Tˆ
IndexP
′
M (σ
a)(g). ta , (t, g) ∈ T× P ′ .(9.89)
The irreducible characters χP
λ
satisfy r∗χP
λ
(t, g) = χP
λ
|P ′(g). ti∗(λ). If we start from
the decomposition IndexPM (σ) =
∑
λ∈Λ∗P,+
mλ(σ)χPλ relative to the irreducible char-
acters of P , we get
r∗
(
IndexT×P
′
M (σ)
)
(t, g) =
∑
a∈Tˆ
 ∑
i∗(λ)=a
mλ(σ)χPλ |P ′(g)
 . ta ,(9.90)
for any (t, g) ∈ T × P ′. If we compare (9.89) and (9.90), we get IndexP ′M (σa) =∑
i∗(λ)=amλ(σ)χ
P
λ
|P ′ . The map r∗ : R−∞(P ) → R−∞(T × P ′) is injective, so∑
i∗(λ)=amsλ(σ)χ
P
λ
|P ′ = 0 if and only ifmλ(σ) = 0 for every λ satisfying i∗(λ) = a.
Hence if the multiplicity mλ(σ) is non zero, the element a = i
∗(λ) is a weight for
the action of T on σ : p∗(E1)→ p∗(E2). ✷
30We use the same notations for β ∈ Lie(T) and i(β) ∈ h.
31Note that TP ′M = TPM because T acts trivially on M .
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